LARGE TIME WELLPOSDNESS TO THE 3-D CAPILLARY-GRAVITY 
WAVES IN THE LONG WAVE REGIME 
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Abstract. In the regime of weakly transverse long waves, given long-wave initial data, we 
prove that the nondimensionalized water wave system in an infinite strip under influence of 
gravity and surface tension on the upper free interface has a unique solution on [0, T/e] for 
some s independent of constant T. We shall prove in the subsequent paper [22] that on the 
same time interval, these solutions can be accurately approximated by sums of solutions of 
two decoupled Kadomtsev-Petviashvili (KP) equations. 
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1. Introduction 

1.1. General setting. The aim of this paper is to prove that in the regime of weakly trans- 
verse long waves, given long-wave initial data, the nondimensionalized water wave system in 
an infinite strip under influence of gravity and surface tension on the upper free interface has a 
unique solution on [0, T/e] for some e independent of constant T. More precisely, we consider 
the irrotational flow of an incompressible, inviscid fluid in an infinite strip with impermeable 
bottom under the influence of gravity and surface tension on the upper free interface. In 
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this setting, we may assume that the free surface is described by the graph z = ((t,x,y), 
and z = — d + b(x, y) (the constant d > 0) describes the bottom of the infinite strip. Since 
the fluid is incompressible and irrotational, there exists a velocity potential (ft such that the 
velocity field is given by v = V(/>. Then one can reduce the motion of the fluid to a system in 
terms of the velocity potential (ft and 



(1.1) 



d 2 x <ft + d 2 (ft + d 2 z (ft = 0, -d + b<z < (, 
d n cft = 0, z = —d + b, 

d t c + v h <ft ■ v h C = d z <ft, z = c, 

dtcft + 1(| v^| 2 + (d z <p?) + g( = nv h • gj^j , z = c, 



where V/j = (d x , d y ) and d n <ft denotes the outward normal derivative at the bottom of the fluid 
region, g, k > denotes the gravitational force constant and the surface tension coefficient 
respectively. 

It is well-known [9j [TUl [35] that the water wave system (jl.ip can be reduced to a system 
of two evolution equations coupling the parametrization of the free surface £ and the trace 
of the velocity potential (ft at the free surface. More precisely, let n + be the outward unit 
normal vector to the free surface, 

•ift(t,x h ) d =(ft(t,x h ,C(t,x h )) with Xh d = (x,y) 
and the (rescaled) Dirichlet-Neumann operator G((,b) (or simply G(()) 

G(C)/=Vl + \V h (\ 2 d n+ <t>\ z =«t, Xh y 

Taking the trace of (|1.1[) on the free surface z = ((t,Xh), the system (jl.ip is equivalent to 
(see [TUl E5] for instance) 

r d t c - g((w = o, 

^c^ + ^ + 2 l v ^l 2(i+|v h cr) KVh Vi+I^l 2 

Recently this subject of water wave problem has attracted the interest of lots of math- 
ematicians. Concerning 2-D water wave system, when the surface tension is neglected and 
the motion of free surface is a small perturbation of still water, one could check Nalimov 
[23] . Yosihara [34] and Craig [8|- In general, the local wellposedness of 2-D full water wave 
problem was solved by Wu [30] and see also Ambrose and Masmoudi [4], where they firstly 
studied the 2-D irrotational water wave problem with nonzero surface tension and proved 
the local wellposedness of the problem, then they showed that as the surface tension goes to 
zero, the solutions of nonzero surface tension problem goes to solutions of the corresponding 
zero surface tension problem. (See similar result by the same authors for the 3-D problem in 
[5]). One may also check [32] for the most recent almost global wellposedness to the 2-D full 
water wave system without surface tension. 

Concerning the 3-D water wave problem without surface tension, Wu [31] proved its lo- 
cal wellposedness under the assumptions that the fluid is irrotational and there is no self- 
intersection point on the initial surface. Lannes [17] considered the same problem in the case 
of finite depth under Eulerian coordinates. More recently, following Lannes [17] 's framework, 
Ming and Zhang [21] proved the local wellposedness of water wave system in an infinite strip 
and under the influence of surface tension on the free interface. Recently, Alazard, Burq and 
Zuily [lj studied the regularities to the local solutions of 3-D water wave system, Germain, 
Masmoudi and Shatah [11], Wu [33] independently proved the global wellposedness of the 
3-D water system without surface tension. D. Lannes proved very recently a more general 
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well-posedness result on the two- fluid system with surface tension on the interface |16| . and 
he also stated a stability criterion for these two-fluid interfaces and some applications. 

When the initial vorticity does not equal zero, Iguchi, Tanaka and Tani [12] proved the 
local wellposedness of the free boundary problem for an incompressible ideal fluid in two 
space dimensions without surface tension. Similar result was proved by Ogawa and Tani [21] 
to the case with surface tension. And in [25], Ogawa and Tani generalized the wellposedness 
result in [21] to the case of finite depth. One may check [7] [201 [23 [35] for some recent study 
on the local wellposedness of free boundary problem of 3-D Euler equations under the Taylor 
sign condition on the initial interface. 



1.2. Nondimensionalized water-wave system and main results. The complexity of 
the full water wave system led physicists and mathematicians to derive simpler sets of equa- 
tions likely to describe the dynamics of (jl.ip in some specific physical regimes. Yet the 
mathematical analysis of the these models on their relevance as approximate models for the 
water wave equations only began three decades ago. 

In the particular regime of weakly transverse long waves, Craig [8] and Kano and Nishida 
[To] gave a first justification of the 1-D Boussinesq systems. However, the convergence result 
proved in [15\ is given on a time scale which is too short to capture the nonlinear and dispersive 
effects for Boussinesq systems; the correct large time convergence result was later proved by 
Craig in [8]. In the 2-D case, assuming the large time wellposedness of the dimensionless 
water wave equations, Bona, Colin and Lannes [6] justified the Boussinesq approximation. 
Notice that at the first order, the Boussinesq systems reduce to two decoupled Korteweg-de 
Vries (KdV) equations in 1-D case and Kadomtsev-Petviashvili (KP) equations in 2-D case. 
Many papers addressed the problem of the validity of KdV model (JSJ HU [27l [28j [13] ). For 
the KP model, a first attempt was done in [14] for small and analytic initial data. But as in 
|15j . the time scale considered is again unfortunately too small for the relevant dynamics. In 
|19j . Lannes and Saut proved the KP limit by assuming a large time wellposedness theorem 
and a specific control of the solutions to the dimensionless full water wave system without 
surface tension. 

In the fundamental paper [2], Alvarez- Samaniego and Lannes systematically justified var- 
ious 3-D asymptotic models, including shallow-water equations, Boussinesq system, KP ap- 
proximation, Green-Naghdi equations, Serre approximation and full-dispersion model for the 
water wave system without surface tension. 

As is well-known, the proof of large-time wellposedness of dimensionless form of (jl.2p is 
the most delicate point in the justification of the related approximations. The purpose of 
our paper is to prove that: in the long wave regime, the evolution of long wave-length initial 
data to (jl.2p has a unique solution on [0,T/e] for some e independent positive time T. The 
main idea of our proof is similar as in our previous work |21] but more complicated. We use 
the similarity between the main part of Dirichlet-Neumann operator and the surface tension 
operator to construct the energy for the linearized system, and we also use a Nash-Moser 
iteration theorem to handle with the loss of derivatives in the energy estimates. We refer to 
[261 [To] for another way to prove the well-posedness without using Nash-Moser iteration by 
taking the sufficient amount of derivatives to the system. 

Now we are going to introduce the specific regime we used in our paper. This regime of 
weakly transverse long waves can be specified in terms of relevant characters of the wave, 
namely, its typical amplitude a, the mean depth d, the typical wavelength A along the longi- 
tudinal direction ( say , the x axis), and -4= the wavelength in y direction, B the amplitude 
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of the variations of the bottom topogaphy, which satisfy 
(1.3) e 



a d 2 B 



The asymptotic study becomes more transparent when working with variables scaled in such 
a way that the dependent quantities and the initial data which appear in the initial value 
problem are all of order one. The relation (|1.3j) which sets the KP regime here are connected 
with small parameters in the nondimensionalized equations of motion. 

For simplicity, we take gravitational constant g = 1 in (II. 2D and denote the dimensionless 
variables with a prime. We set 



Ax', 



(1.4) 



A , 

y = —j=y 



dz , t 



Vd ' 



c 



Bb', i, = — At//. 



Then we write the dimensionless form of (|1.1|> as follows (by neglecting the prime) 



(1.5) 



0, 



ed 2 ^ + e 2 d 2 y ct) + d 2 z ct> 
-eV £ h {eb) ■ V|0 + d t <f> = 0, 
d t C + eV%( ■ V%<f> = \d z <f>, 
dtcp + \ ( £ |V|0| 2 + (^ ) 2 )+C 



-1 + eb < z < e(, 
z = — 1 + eb, 
z = e(, 



where V e h 



def 



(1.6) 
with $ solving 

(1.7) 



(d x ,y/ed y ). We define the scaled Dirichlet-Neumann operator G[e(] by 
def/ 



d 2 $ + ed%$ + e 2 d 2 <S> = 0, -1+eb < z < e£ 



Here 3^°$ is the outward conormal derivative associated to the elliptic equation (II. 7j) . i.e., 



def 
-l +£ 6 = n 



-l+eb with -Po 







def 



(1 



where V (V/i,5 z ) and n stands for the outward unit normal vector to the bottom of the 
infinite strip {(x, y,z)\ — 1 + eb(x, y) < z < e((t, x, y)}. 
Then similar to (|1.2p . the system f)1.5|) becomes 

d t ( - iG[eC]if> = 0, 

W + C + f|v^l 2 -4(^W + eV|C • v|V) 2 /(i + £ 3 |V|CI 2 ) 

= aeV^(V^/>/r+iWP). 

CU=0 = Co> -0U=O = 

where a = n/d 2 is the so-called Bond number. 

The uniform energy estimates for the solutions to the linearized system of fjl .8|) plays an 
essential role in the proof of the large time well-posedness for the nonlinear system. Compared 
with [2] , there is an additional term on the left hand side of the linearized system (j6.2|) due to 
the appearance of surface tension term in (|1 .8[) . Then the ordinary energy functional given in 
[2] will not work for (j6.2|) . otherwise, there will be a loss of one order derivative in the energy 
estimates. The key point here is that we observed the resemblance between the principle part 
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of the Dirichlet-Neumann operator and the linearized surface tension operator, and based on 
this fact we constructed an effective energy functional to obtain the uniform energy estimate 
for the linearized system (|6.2p . This new energy functional leads to the use of a parameterized 
Sobolev space and some complicated pseudo-differential operator estimates in the process of 
the energy estimates. With these preparations, we can use a modified version of Nash-Moser 
iteration theorem in [3] to prove the large time existence of solutions to (j 1 . 8 f) . 
Before presenting our main results, we introduce the following function space 

Definition 1.1. We define the space X s as 

X sd ={u = (C, V) T : C G H 2s+1 (R 2 ), V fe V G tf 2s ^(M 2 ) 2 } 
endowed with the semi-norm 

\u\x. d =y/i\t\ H ? + i + leu** + vsmci/r- + \c\h> + m\nr + 

for = \D e h \/{\ + ^1^11)5, \D E h \ the Fourier multipl ier with the symbol (£ 2 + e£|) 2 ; and 
ff|(M 2 ) is the space of tempered distributions v so that 

(1.9) \v\ Hs <M |(1 + |^| 2 )i^<oo. 

Remark 1.1. T/ie scaled Sobolev space is naturally connected with the equivalent form 
for the energy functional introduced in Section 6, which is crucial to obtain an uniform energy 
estimates for the linearized water-wave system. 

Our result of this paper is as follows. 

Theorem 1.1. Let the Bond number a > and a ^ ^,s > mo for some mo 6 (9,10). 
Assume that there exist P > D > such that b G H 2s+2P+1 (M. 2 ) and bounded initial data 
(C £ ,^) el s+p satisfy 

inf (l + eCo — £b) > uniformly for e £ (0, 1). 

Then there exits T > such that il.8\) has a unique family of solutions (C e > V' e )o<e<i on 
[0, 2] w ith (C £ )o< £ <i, (5xV' E )o<£<i, and ( v / e3 ?/ V ;£ )o<e<i being uniformly bounded in C([0, T/e]; 
F s+D -i(lR 2 )). 

Remark 1.2. Zei 

(i<p(t,x,y) = f -^=(C+(et,x - t,y) - (-(st,x + t,y)), 

where (±(t, X,Y) solve the uncoupled KP equations 

(KP)± d T c ± ± \d^d 2 c ± ± (i - |)5|c ± + ^C ± 0*C ± = o. 

We s/ioZZ prove in [22] i/iat; in addition to the assumptions in Theorem we assume 
moreover 

J™ |Co - (o\ 9xH s+D-i = and lim \d x ip £ - d x il> \ d ^ HS+D _i = 

with (d x ip ,(o) G d x H s+D -^(R 2 ) and (d 2 d x ipo,d 2 ( ) E d 2 H s+D ~'i (R 2 ). T/ien (ifP) ± twifr 

initial data (d x ipo ± Co)/\/2 /ias a unique solution C± G C7([0,T/e];F s+Z) -2(lR 2 )). Further- 
more, there holds 

1™!^ - Cirpli°°([0,T/£]xK 2 ) = 0- 
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In case when the Bond number a = |, the coefficients of the third order dispersion terms in 
(KP) vanish and the resulting equations become illposed. These third order terms in (KP)^ 
equations represent the leading order dispersive effects in the water-wave problem and their 
disappearance means that in this parameter regime the water waves are almost dispersionless. 
To model interesting behaviors and capture the dispersive nature of the water-wave problem 
for this parameter regime in our following paper [22], we need to modify the scaling in ()1.4j) 
firstly and then prove the large-time existence for the new water-wave system. More precisely, 
we set 



(1.10) 



with 



x = Ax', 

c = 



A , 

y = -y , 

£ 



dz' t = —pit' , 

Vd 



Vd 



\<t>', b = Bb', V 



Vd 



la _ d 2 _ [~B 
d ~ A 2 ~ V7" 

Then similar to (|1.5p , we obtain the following dimensionless form of the original system (by 
neglecting the prime) 

' e8%</> + e 3 a^+ d 2 z <f> = 0, 

-£Vl(E 2 b)-V £ h <f> + d z <j> = 0, 

d t ( + e 2 Vi(jV^=±d z <p, 

^ + |( g 2 lv^l 2 + £ (^0) 2 )+C 



(i.ii) 



-1 + e 2 b < z < e 2 C, 
z = -l + e 2 b, 
z = e 2 C, 



aeVl-(V%(/Jl + eS\V%(\ 2 



e 2 C 



where V| 



def 



(d x ,£d y ) and a = n/d 2 is still the Bond number. We define a new scaled 
Dirichlet-Neumann operator G[e 2 C] by 

G[e 2 (]^:= (-eVl(e 2 C).V^ + d z ^ 



(1.12) 
with <j) solving 

and 



d 2 cp + ed 2 x (, 



1>, 



+ e 3 d 2 < 



\z=E 2 (l 

0, -l + e 2 b< z <e 2 (, 

-—l+e' 2 b = 0, 



-i +£ 2 fe = f n • P V(f)\, 



-l+e 2 b 



with Pi 








def 



Let ip(t,Xh) == 4>\ z =e 2 C, = (f>(t, Xh, e £). Then similar to (]1.8p . the new dimensionless system 
of ((f), C) can be reformulated as a system of (tp,C)'- 



(1.13) 



{ d t C - \G[£ 2 £\i> = 0, 
5^ + C+4|V^| 2 - 



V(±G[£ 2 C]V + e 2 VtC • V^)7U + e 6 |V|CP 



= a£V%-(VlC/y/l + e 5 \V%C\ 2 ), 

, C]*=o = Q, i>\t=o = V'o- 



To describe the function space for the initial data such that (|1.13p has a unique solution 
on [0,T/e 2 ], we need to modify Definition 11.11 as below: 
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Definition 1.2. We define the space X s as 

X sd ^[u = (C, V) T : C G H 2s+1 (R 2 ), G tf 2s ^(M 2 ) 2 } 
endowed with the semi-norm 

\u\ ls = \fe\c\ ms+ , + \c\ H?s + x/iivici^ + ici-ff- + + m\ H * 

for a new regularizing Poisson operator <p = \D e h \/(l + ^/e\D £ h \)i with D e h = \V £ h , and 
H^(M. 2 ) is the space of tempered distributions v so that 

(1.14) \v\ s . d =\(l + \Dl\ 2 )iv\ L 2<^. 
Our second main result is as follows. 

Theorem 1.2. (Degenerate case) Let a = | + eO, 6 > fixed and s > mo for some 
m G (9, 10). Assume that there exists P > D > such that for all b G H 2s+2P+1 (R 2 ) and 
bounded initial data (Co> V>o) G 3t +P satisfying 

inf (l + e 2 Co - e 2 b) > uniformly for e G (0, 1). 

TJien there exits T > such that H.13\) has a unique family of solutions (£ e , ip e )o<e<i on 
[0,T/e 2 ] which satisfy (Ce)o<e<i> (9 x ^e)o<e<l, and (edyifj £ ) 0<£<1 are uniformly bounded in 
C([0,T/e 2 ];H s+D -^(R 2 )). 

Remark 1.3. In fact, these two theorems above are two particular results of a more general 
existence theorem. First of all, define as in [2] that 

_ a _(P_ B 

e "d' ^ ~ A^' 
and set the dimensionless variablefwith prime) as below 

x = Xx' , y = —y', z = dz , t = — -=t' , 

(1.15) 7 ^ 

( = a(>, <t>=^4>\ b = Bb', ^ = ^=\ip>, 

One can derive a more general water-wave system of(ipX): 
{ d t C - lG[eQ\i, = 0, 

ftV + C + ^ |V^| 2 - JeMCjGKlV + eV^C • V^) 2 /(l + e 2 ^C| 2 l 

(1.16) 



^•(v^Vi + ^Kci 2 ), 

CU=o = Co, ^\t=o = *Po- 

with ip(t, Xfi) == ' (t>\z=eC, = ( / ) (^) x h, e C)> ^ {dx,ld y ) T and the nondimensionalized Dirichlet- 
Neumann operator G[e£] defined by 

(1.17) G[eC]^ := (-/xV^(eC) • + 9,0) U =eC , 

loiift solving 

d 2 $ + nd 2 (j) + -f 2 nd 2 (j) = 0, -1 + eb < z < e(, 
</>U=eC = ^> 35Vl*=-i+«* = 0, 



s 
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and 

C>| z= _ 1+e6 = 7 n • P o V0U = -i +e6 with P = 7 2 /i 

V" ly 

IFe can Ziawe a large-time existence result similar to Theore m" 1.1\ for solutions to the general 
system [1.1 6\) on time interval [0, — ] following the proof of Theoren il . 11 Then Theoren il . 1\ and 
Theoren il.2\ are indeed two particular results of this result. In fact, one can take 

e = H = e, 7 = y/e 

in system [1.1 6\) to arrive at Theoren il . 11 and one can take 

2 2 l~ 

e = /i = s , 7 = v e = e 

to arrive at Theoren il . 2\ 
Remark 1.4. Let 

Cf P (t, x, y) = f {(+(e 2 t, x -t,y)-C- (e 2 t, x + t, y)) , 
where (± (t, X, y) solve the uncoupled fifth order KP equations 

(KP™ )± d T (± + t ~&xS± ± ^4C± + ^C±^C ± = o. 

VFe s/ia// prove in |22j £/iai: under the assumptions in Theorem \1.2\ we assume moreover 
lim|C £ - (o\ HS+D -i ndxHS+D -i = and \d x % - = 

mt/i (a^°,C°) G # S+D ^(M 2 ) n 9 x i7 s+I? -5(]R 2 ) and (d 2 ^ , <9 2 C°) € <9 2 # S+1) - 6 (IR 2 ). 
T/ien (KP 5th )± with initial data (d x tp° ± C )/^ /ias a unique solution (± G C([0,T]; 
H s+D ~2 (M 2 )). Furthermore, there holds 

(1-18) lim |Ce - C £ XP |l°°([o,t/ £ 2]xR2) = 0. 

1.3. Scheme of the proof and organization of the paper and notations. In Section 2, 
we shall present various product laws and commutator estimates in the scaled Sobolev spaces; 
We provide uniform estimates for the solutions of scaled Laplacian equations in the Section 
3; While in Section 4, we modify some results from [18] on the calculus of pseudo-differential 
operators with rough symbols; We shall study the Dirichlet-Neumann operator in Section 5; 
With the preparation in the above sections, we shall prove large-time uniform estimates for 
the solutions of the linearized system of (ll.8p . which is the crucial step in the proof of the 
large-time wellposedness result for (I1.8P in Section 7. In the appendix, we shall present a 
variance of Nash-Moser iteration Theorem in [3 J , which has been used in Section 7. 

Let us complete this section by some notations, which we shall use throughout the paper. 
We shall always denote by C(Ai, A2, • • • ) a generic positive constant which is a nondecreasing 

def def 

function of its variables, to a fixed number in (1,2), and mo = to + 8. We denote = 
(d x ,dy), V e h = (d x , y/edy), the scaled horizontal derivatives, D £ h = V = f (V/j,<9 2 ), 

V £ ^ (y/eV £ h ,d z ) the scaled full derivative, £ e = in I^ 2 , and \D e h \ the Fourier 

multiplier with the symbol |£ e |. A and A £ are Fourier multiplier with the symbol (1 + |£| 2 )2 
and (1 + |£ £ | 2 )2 respectively. We denote | • \ p the L P (M 2 ) norm, || • \\p the LP(S} norm with 
S = R 2 x [-1,0], H S (R 2 ) the usual Sobolev spaces with the norm \f\ H . d = |A S /|2, \!\h> = f 
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|A|/|2 the norm in the scaled Sobolev spaces H^(R 2 ), an d the regularizing Poisson operator 

<P = f |D||/(1 + ^/e\D e h \)^ . We use d x H s (R 2 ) to refer to the space of all the distributions v 

such that there exists v G H S (R 2 ) with d x v = v, and we write H^h 8 *= f |^|h s - We define 
similarly for d 2 H s (R 2 ). Finally we shall always use the convention that 



A s = B s + (C s 



's>s 



B s if s < s , 

B s + C' s if s > s . 



2. Preliminaries 



Recall that = |Af/|2 is the norm of the scaled Sobolev space i?| (R 2 ). It is easy to 

observe by a scaling argument that 



Lemma 2.1. Let r, s > 0. There exists an e independent constant C such that 

(i) IffeH s (R 2 ) and± = ±-§, 

(2-1) |/|p < Ce-i|/| H . for < a < 1, and |/U < C e -i|/| H . for s > 1; 

(ii) Iff,ge H s r\H t0 (R 2 ), 

\fg\H° < C(\f\ H §\g\oo + |/|ooMh#), 

(2-2) _i/ \ 

I/sIbi < C £ 4 (J/Lff#M#*o + (|/| H *oblH#)s>toJ; 

(iii) If F £ C°°(R) with F(0) = and f £ H s n L°° (R 2 ) , 
(2-3) W)|h.<C , (|/| 00 )|/|h.; 

(iv) If / G # s+r n #*» +1 (R 2 ) and 5 G ffs+r-i n #*o( R 2) ; 

\[K,f]g\m <c[Wf\ H ^-i\g\oa + \v e hfU9\ H *»-i), 

l[A*,/]s|irj <Ce~^ (l V fc/lj3-*o Iffl 1 + <|Vft/ltf'+'--i|0ltf*o> S >to + l- 

Remark 2.1. ()2.4p siiZZ ZioZds mi/i A| being replaced by \D £ h \ s for s G 2N. 

Lemma 2.2. Let s G R and Vu G L 2 ([-l, 0]; iP -1 (R 2 )) with u(x h ,0) = 0. Then for any 
3 G [—1,0], one has 

M*=»| ,1 < Ce~^\\V e Ar^lb 
for the constant C independent of e. 
Proof. Let 7 ^ f y 7 ^. It is easy to observe that 



(2.5) A s £ u(x h ,z) = 7 1 A s u 1 (x, -,z), u^x^y, z) = ju(x,jy, z), 

we have 



1 , . „ 1 , 1 



. , . . 



(2-6) K,a)| s 1=7 ^ |A S 2n 7 (.,3)| 2 = 7 2|A S 1 u 7 (-,3)i 1 
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Whereas as u(xh,0) = 0, applying Cauchy- Schwartz inequality gives 

(l + iei 2 )^!^^^)! 2 

which implies that 

lA 5 - 1 ^-^)! 2 1 < ||A s « 7 ll2||^A s - 1 n T ll2=7l|A^|| 2 ||^Ar 1 u||2 

^ „,2||A»-,I|2 i as-1„,||2 
< lp \\K U \\2 + ifiOzK U \\2i 

from which and (|2.6p . we deduce that 

\u{-,t)\ . i < C 7 -3( 7 [|A2«|| 2 + H^Ar^lb) < C f 7 -3||V 6 A|- 1 «|| 2 . 

where in the last step, we used again the fact that u(xh,0) = such that ||A| _1 u||2 < 
C\\d z A s - l u\\ 2 . " □ 

We introduce the following scaled 2nd-order elliptic operator 

, w ,def, n£|2 e\{d x afDl + 2ed x ad y aD x D y + e 2 (d y a) 2 D 2 y ) 

(2.7) Ma)-\D h \ l + £ 3| V|a |2 > 

which is a part of the linearized opertor for the nonlinear system corresponding to the surface 
tension term. 

Lemma 2.3. Let s E [0, 1]. Then for k G N, s > and / E H 2k+S n F*°(1R 2 ), we have 

\Ua) k f\Hi < M{a)(\f\ H 2 k+s + |/| H *„|V£a| H|Jk+ .)> 
%{a) k f\ Hi > M(a)- 1 |/| if|fc+ 3 - M(o)(l + |V^a| fl2fc+ .)|/| H jo. 

ifere and in what follows M(a) always denotes a constant depending on \a\ H ^o . 

Proof. One can deduce this lemma from Lemma 3.5 and Lemma 3.6 in [21J by a scaling 
argument. For completeness, we shall present the outline of the proof here. Indeed for the 
first estimate, one only need to use Proposition 14.11 and an interpolation argument. Now we 
focus on the sketch of the proof for the second estimate. 

We use an inductive argument on k. Let us first deal with the case when k = 1. Toward 
this, we write D e (a) as 

D e (a)= (l + ^IVIal 2 )-^ 3 ^^]^?^ 

= f E fti(e f V e ,a)A e ^ £ for (Dl,Dl) = Dl 
i,i=l,2 



LARGE TIME WELLPOSEDNESS OF CAPILLARY-GRAVITY WAVES 11 

Then we have 

(0 e (a)/,/) = - (gij^n^dfdjfJ) 

i,j=l,2 

= £ (^( e tv|a)9f/,^/) + (a,^(eIv|a)a|/,/) 
>M(a)- 1 |V £ J|| 2 -M(a)|/| L2 |V|/| i2 

^(^-Vlii-MCa)!/!^. 

Whereas notice that 

|(J. £ (a)V £ ,/,VU)l<l(V^ £ (a)/,V|/)|+ £ |((V^)A^/, V £ ,/)l 

i,J=l,2 

<(|O e (a)/| L2 +M(a)|/| H i)|V^/| H i. 
As a consequence, we obtain 

M(a)- 1 |VUl|i < (D £ (a)VU,V £ J) + M(a)|V|/|i 2 

< M^|V£/||j + M(a)|0 £ (a)/|| 2 + M(a)\f\\ 2 . 

This ensures 

|J) £ (a)/| L2 > M{a)- l \f\ m - M(a)\f\ L 2, 
from which and Kato-Ponce type commutator estimate, we infer 
\Mo)f\H S >|D £ (a)A|/| i2 - \[A s £ , gij }DfD*f\ L i 

>M(a)-Vl^ -M(a)|/|^ - M(a)(|V|a| H?+s |/| H|o +\f\ H . + i), 

that is 

|5 e (a)/| ff | > M{a)' l \f\ H 2 +s - M(a)(l + |V^|^ 2+3 )|/|^o • 
Now we assume inductively that for 1 < £ < k — 1 

IM«)Vk > M 1 (a)- 1 \f\ Hr+s - M 1 (a)(l + |V£a| H * +s )|/| H *o • 
Then we deduce from the induction assumption that 

|f £ (a) fe /|tff =|0 £ (a) fc - 1 £ (a)/| H | >M(a)-> £ (a)/| ff2 ( fc - 1)+s 
- M(a)(l + |V|a|^ 2(fc _ 1)+s )|0 £ (a)/|^ o ), 

which together with an interpolation argument implies the second inequality of the lemma. 

□ 

Lemma 2.4. Let k G N, s > 0. Then for any / G # 2fe + s n #* ()+2 (IR 2 ) and 3 G H 2k+S n 
i?*° +1 (R 2 ), there hofo 

|[M°) fc >/Mjj-| < M(a) (|/| H * +2|^| ff 2*+.-i + l/l^fc+^bl^o + \a\ H 2k+, l/l H *o+2 |fl1 H *o+i) , 
|[D £ (a) fc , V£]s| H . < e 2 M(a) (|V|<7| H 2 fc+s -i + |a| 
|[D £ (a) fc ,*p]<?|^ < e 2 M(a)(|V|< 7 | H 2 fc+3 - 1 + |a|„ 2fc+s+ 2 1 V^(?|^ ) 
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Proof. Firstly let's focus on the proof for the first inequality. Indeed thanks to Lemma 12.11 
and Sobolev inequality, it reduces to prove that 

\[d £ (a) k ~ M\ 2k ,f]g\ Hl < M{a)(\f\ Hl0+ M H ^-, + |/| H 2k+s \g\ H t 

( 2-8 ) " \def 

+ \a\ H 2k+ s \f\ H t +2\g\ H t +i j =4(s, f,g). 

We shall use an inductive argument on k to prove (|2.8p . We first infer from Lemma 12. II that 

|[0 e (a) - \D%\ 2 ,f]g\ Ha < M(a)(\f\ Ht0+1 \g\ H s +1 + (\f\ m+2 \g\ 
(2.9) e V e 

+ (\ a \H s £ +1 l/l H*o+2|5l H *o+i)s>t 0/ 

This shows (|2.8|) for fc = 1. Now we assume that (|2.8p holds for k < £ — 1. To prove the case 
of k = £, we write 

[UaY ~ m\ 2e ,f}g = M^HaY- 1 ~ f]g + (Ma) ~ M?) [M^, f]g 

+ [V £ (a)-\Dl\ 2 ,f]Uay- 1 g+ [\Dl\\f](%{af-' -m^-^g. 

We first get by applying Lemma 12.31 and the induction assumption that 

< h(s,f,g) + M(a)\a\ H s+s (\f\ H t Q +2\g\ H 2(t-i)+t -i + \f\ H 2(e-i)+t \g\ H t a 

+ \a\ H 2(i-i)+t \f\ H t +2\g\ H t +ij 

< h{s,f,g), 

where in the last inequality we used the following interpolation inequalities 

II s- I \l-B i \6 n _ s -t + 2 

\a\ Ht s<\a\ Hl0+1 \a\ H2/+s , O- s + 2£ _ tQ _ v 

2(^-1) - 1 



\g\ H 2(i-i)+t -i < Igl^lflil^+af-i, 9 



\f\ H w-D +t0 < o = -H^_L_L, 

such that for example, 

l a lH e s+3 l5'l H 2(^i)+t -i < M(a)(\a\ H 2i+s\g\ H tp+± + \g\ H n+ s -i). 
Similarly applying Lemma 12 . 1 1 ensures that 

\(%{a) - \Dl\ 2 )[\Dl\^- l \f]g\ Hs < h(s,f,g). 



LARGE TIME WELLPOSEDNESS OF CAPILLARY-GRAVITY WAVES 
Thanks to (|2.9p . one has 

< M(a){\f\ H to+i\i) £ {af- l g\ H s+i + (\f\ m +i\V E {a) l - 1 g\ H t ) s>t ^ l 

+ (l a l^+ 1 l/l H *o+2|9£(a)^~ 1 S'l^<o+i)s>to)i 
while it follows from Lemma 12.31 and an interpolation argument that for s > to — 1, 

\f\ m +2\D £ (af~ l g\ H t <M(a)\f\ H s+ 2 (\g\ H 2(e-i)+t + \a\ H 2(e-i)+t +i \g\ H *o) 
<Ie{s,f,g), 

and for s > t , 

\a\ H s+i\f\ R tp+2\Xi £ (a) e '~ 1 g\ H tp+i 

< M(a)|a| fr |+i|/| H to+2|(bl^-i)+to+i + Mfff+'obltfto) < h(s,f,g). 
As a consequence, we obtain 

\[d £ (a) - \Di\ 2 ,f]D E (a) £ - l g\ Hi < k(s,f,g). 
Similarly we can deduce from (12, 4j) and Lemma 12.31 that 
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This proves f)2.8|) for k = £, which proves the first estimate of the lemma. 

For the second inequality, one can use a similar inductive argument to prove it. And it's 
almost the same for the third inequality by noticing that D e (a) = /(e 3 (V|a) 2 )(-D|) 2 (formally) 
and one has 

\[* E (a),y]g\ HS = \[f{e\V £ a) 2 )mD £ h ) 2 g\ H s 

< e 2 M{a){\\Dl\ 2 g\ HI + \a\ m+i \\Dl\ 2 g\ L 2) 

< e 2 M{a){\\Dl\g\ m+1 + \a\ m+ ,\\D%\g\ Hl ). 

This completes the proof of the lemma. □ 

Let us conclude this section by recalling a result from [2j on the anisotropic Poisson regu- 
larization. 

Lemma 2.5. Let \ G with x(0) = 1, and define w = x( z V^\^h\) u - Then for any 

s£K, ifu G H S ~^(R 2 ), we have 



(-1 



Hi 



< WK^h < c 2 



(l + v^l^l 



(l + Ji\D* h \)* 
and if u G H S+ ^(M. 2 ), we have 

c\yfe\^u\ HI < \\A' e V e u% < c' 2 V^\¥u\ H s. 
Here c\, C2,cf t and c' 2 are positive constants depending only on x- 
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3. Elliptic estimates on the infinite strip 
In this section, we consider the following boundary value problem on the infinite strip 



(3.1) 



d 2 z <$> + ed 2 $ + e 2 d 2 $ = 0, -l + eb(x h ) < z < e((t,x h ), 
®\z=e<; = i>, d n <5>\ z= _i +£b = 0, 



(3.4) 



under the assumption that 

(3.2) 1 + e( — eb > ho for some ho > 0. 

We denote by S a diffeomorphism from S = R 2 x [— 1, 0] to the fluid domain = R 2 x [— 1 + 
eb(xh),sC{ x h)] so that 

(3.3) S : (x h ,z) G 5 (->■ S{x h ,z) = (x h , z + a(x h , z)) G fl 

for a(x h , z) = -ezb(x h ) + e(z + l)((x h ). 

Using this diffeomorphism S, the elliptic equation (|3.ip can be equivalently formulated as 
an elliptic problem with variable coefficients on the flat strip so that 

V • P e [a}Vu = in S, 
u\ z=0 = ip, d%u\ z =-\ = 0, 

where w = $oS and d£ denotes the conormal derivative associated with P E [c], i.e., 

d^u = -e 3 -P £ [cr]Vu\ z= - 1 . 
Here e3 = (0,0, 1) T . Moreover, we write 

V • P £ [a}V = V e • (/ + Q e [a])V £ 

with 

/ d z a -y/ed x a 

(3.5) Q e [a] = 8 z a -ed y a 

\-V-ed x a -ed y a z^±£M±g!M! 

Notation 3.1 Throughout this paper, we shall always denote 

M(af^C(^,\b\ Hmo ,\C\Hm ) 
ho 

to be a constant which is a nondecreasing function to all arguments. 

To transform the Dirichlet boundary data rp in (|3.4p to be zero, we are led to consider the 
following elliptic problem 

V e -(l + Q e [<r])V e u = V e -g in S, 
u\ z=0 = 0, d£u\ z= - 1 = -e 3 -g\ z= -i, 



(3.6) 
with 



d£«U = _a d ^-e 3 -(l + Q £ H)V £ u| 



Proposition 3.1. Let s > 0, and (,b G H m ° f]H s+1 (R 2 ) satisfy Then for all g G 

C([-1,0];£P(R 2 ) 3 ), (13.6)) has a unique variational solution u G ^(S) so that 

||A|V £ n|| 2 < M(a) (||A|g|| 2 + (||A*>g|| 2 |(C, 6)|^ + i) s>to+1 

Proof. Thanks to (|2. 1 1) - (|2.4|) . one can deduce Proposition 13.11 by exactly following the same 
line as the proof of Proposition 2.4 in [2] (see also the proof of Proposition 13.21 below), and 
we omit the details here. □ 



LARGE TIME WELLPOSEDNESS OF CAPILLARY-GRAVITY WAVES 15 

Notation 3.2. For u G H%(M?), we define u b as the solution of 

f V £ -(l + Q £ M)V e n 5 = in 5, 

As an immediate corollary of Proposition I3.1|, we obtain 

Corollary 3.1. Let s > 0, and (,b E # m ° f| £P +1 (IR 2 ) satisfy £Op. Then for any u E 
H S+ ^(R 2 ), one has 

||A|V £ u 6 || 2 < y/iM(a)(\yu\H S + (W H *o |(C, &)l H -+i>.>*o)- 

Proof. Let v^w 6 — ?d with ?d being given by Lemma 12.51 Then w solves 

V £ -(l + Q £ [f7])V £ u = -V e -(l + Q e [CT])V e n t in 5, 
u\ z=0 = 0, 9>U=-i = e 3 • (1 + Q £ [cr])V £ nt| z= _ 1 . 

Thanks to (|2TT]) -([2T2 j) . we get by applying Proposition O for g = -(1 + Q e [<j])V e u< that 
||A|V £ H| 2 <M(a)(||A^V £ nt|| 2 + (||A*«V £ U t|| 2 |( C ,6)|^ +1 ) s>to ), 

which together with Lemma 12.51 completes the proof of the corollary. □ 

Besides (j3.6j) . we also need to deal with a more general elliptic problem as follows 

V £ ■ (l + Q £ [a])V e u = f in S, 
u\ z=0 = 0, d£u\ z =-i = g. 



(3.8) 



Proposition 3.2. Under the assumptions of Proposition \3.1[ for any given f E L 2 ((— 1,0); 
ff s-1 (R 2 )) and g £ H S (R 2 ), (ESP has a variational solution u E H 1 ^) so that 



||A|V £ n|| 2 <M(<t)(W || ArVlb + \g\ H . + ((e-^IIA^-VHa + \g\ H p)\(C,b)\ m+ i) s >t 0+ i 
|| A|V £ n|| 2 <M(<x) U^fh + ^ M ,_i 

+ (( £ -i||A*°- 1 /|| 2 + H H * )|(C,6)| ff|+ i) s >to+i) ) 
and if s > 1, we have 

HAI^V^^Ib <ikr( CT ) (HArVlla + x/ilffl^f + <(I|A^/|| 2 + x/ibl^o+OKC, ^l^+a)^^) . 

Proof. Since the existence part can be obtained by a standard argument, here we just present 
the detailed proof of the estimates. Indeed recall that what we mean by u is a variational 
solution of (PEE): for any <j> E C£°([-l, 0) xl 2 ), there holds 



z=-l 



dx ft . 



(3.9) / (1 + Q £ [a])V e u- V £ cpdx h dz = - fcpdx h dz + g 

Js Js Jr 2 

Taking <j) = A 2s u in (|3.9p results in 

y (1 + Q £ [ct])V £ A*u- V E A 8 e udx h dz 

(3.101 _ y ([ A ^q £[(J ]]v £ u . V £ A^ + A*"7 A* +1 u) dx h dz + / A|p A s e u\ z= ^dx h 
Js JR 2 

< UtA^Q^^V^IIsllV^lb + IIArVlbllAI+^lh + IA^IalA^l^la. 
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Thanks to Proposition 2.3 in |2], we have 

f (l + Q £ [a])V £ A s e u-V £ A s £ udx h dz > Mia)- 1 \\A s £ V £ u\\l 
Js 

While it follows from (J23J) that 

||[Af,Q-[cr]]V e n|| 2 < ^/(^(HAr'V^b + {||A^V-n|| 2 |(C, &)|^ +1 ) s>to+1 ) , 
and thanks to u(xh,0) = 0, we have 

V^\\K +1 uh < C\\A s e V £ u\\ 2 , |A^U = _!| 2 < ||A»0,u|| 2 . 
Plugging all the above estimates into ()3.10j) and using Young's inequality yield that 

||A|V%|| 2 <M(a)(||Ar 1 V^|| 2 + {||A*°V £ «|| 2 |(C,6)| Jf|+1 ) s >to+i 
+ £ -^||ArVl|2 + |5k), 
from which and an interpolation argument, we deduce that 

||A|V e n|| 2 <M(a)(||V e U || 2 + <||A*°V £ u|| 2 |(C,&)|^ + i} s > t()+ i 
+ £ - 1 i\\A s - 1 f\\ 2 + \g\ H sy 

Whereas taking <j) = u in (|3.9p . we get 

||V £ n|| 2 < M(a)(\\f\\ 2 + \g\ 2 ). 

Consequently, we arrive at 

(3.11) ||AJV-^|| 2 < A^(,r)(<||A^V-z i || 2 |(C,fo)|^+x> s> t +i + e-^||A|- 1 /l|2 + |^|^ # 
and taking s = to in (|3.1ip gives 

IIA^V^IU < Af(o-)(e-^||A*'- 1 /|| 2 + bl^to), 



which implies the first inequality of Proposition | 

To prove the second inequality, we only need to replace the estimate for the boundary 
term. Indeed thanks to Lemma 12.21 one has 



1/ ASgAlu^-tdxhl < \g\ 3 _i\u\ z= -!\ s+ i<Ce l\g\ s i ||A*V £ u|| 2 , 

which along with the proof of (|3.1ip gives the second inequality of Proposition 13.21 
Finally, we get by using the elliptic equation and (|2.2p to obtain 



lAr^Mb^M^^nArvib+^iiAivsib 

+ ((||A*o/|| 2 + ^||A* 0+1 V £ n|| 2 )|(C,6)|^ +1 ) s > to+ i). 



This together with the first inequality implies the third inequality of the proposition. This 
finishes the proof of Proposition 13. 2[ □ 
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4. Calculus of pseudo-differential operators with symbols of limited 

smoothness 

In this section, we shall adapt some results from [18] on the calculus of pseudo-differential 
operators with symbols of limited smoothness to our setting here. More precisely, we shall 
consider symbols of the form 

for v G C°(R 2 ) P with p£N, and £ is a function defined as follows (see (18]): 

Definition 4.1. Let m G No,p G N, and £ be a function defined on x M|. We say 

G C7 00 (IRP,A4 m ) «/ 

1) EG C°°(]R p ;C7 m ) and |<9|£(v,£)| < Cf)(\v\)\£\ m -P for any £ G M 2 , |/3| < m; 

2) for any a G N p ,/3 G N 2 , t/iere exists a non- decreasing function C a ^{-) such that 

sup \^- m \(d^E)(v,0\<C a> ^\v\). 

ici>i 

For given £, u and e G [0, 1], we consider pseudo-differential operators, Op £ (<r), defined by 

Op £ (aHx h ) = (27r)- 2 [ e**»M*h,?m)dt, ^ = (6,^6)- 

Proposition 4.1. Let m G N , p G N. Then for given E G C°°(M P , A4 m ), v G H to (R 2 ) and 
o-(x h ,£) = E(v(x h ),(;), one has 

\Op E (o-)u\ Hl <C{\v\^)(\\Dl\ m u\ H s + e-^v\ H to\\Dl\ m u\ H s + (£-l\v\ HI \\D e h \ m u\ H t ) s>to ), 
for all < s < t - 

Proof. Using the scaling argument, one can reduce the proof of Proposition 14.11 to the case 
when s = 1. We first split u as the low and high frequency part so that 

(4.1) u = uif + u h f, uif = ip(D)u, 

where ip G Co°(K d ) and ij) = \ near the origin. Let ao(^)^H(0, £), it is easy to observe that 

\0 V (a Q )u\ Hs < C\\D\ m u\ H s. 

Whence without loss of generality, we may assume that o"o(£) = 0. While thanks to Corollary 
30 of |18j , we have 

\Op(a)u hf \ HS < C(|?;| 00 )(|n /i/ | Hs + m + \v\ H t \u hf \ H s+ m + (\v\Hs\u h f\ H t + m ) s>to ) 
< CQv^iWDrulHs + \v\ H i \\D\ m u\ H s + (\v\ H s\\D\ m U \ H t ) s>to ). 
On other hand, notice that 

Op(a)u lf (x h ) = (2kY 2 [ ^Mxh^mOHO^, 
and \e lXh '^a(xhX)\H s < C(£) s |<t(-, £,)\h s , which along with (|2.3p ensures that 

\o P (a)u lf \ HS <csu P (ier m k(-,oi^) / 

[€I<1 J\S\<1 
^Cdvl^vlHsWDru^. 

This finishes the proof of Proposition 14.11 □ 
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To handle the composition and commutator between two pseudo-differential operators of 
limited-smooth symbols, we recall the following symbols for n G Nq: 



(?iUe2{xh,Cr= ^2 ' ~\ ^ a i( x h,£)d% h °2{xh,€) and 



(4.2) \a\<n 

{cri,cr 2 } n (xh,0 d = cr i^2{xh,C) ~ <72%n<ri(%h,0- 

Proposition 4.2. Let mi,m2,n G No with m + =^max(rai, ^2), m ~ =^ min(mi, 1712) > n. 
Let <r j (x h ,£) = &(v j (x h ),0 (j = 1,2) with Pj G N, S j G C°°(W^ ,M mj ) and Vj G 
if* 0+m++1 (M 2 ). Then for any < s < t + 1, there hoids 

|Op £ (cr 1 ) o Op e (o- 2 )u - Op £ (a 1 tl„o- 2 )u| HS 



< C(|u | W A™+i, o)|||D^| m u\ H , +m + ^ n ^\v\ wn +i,oo + [e 4 



' U ljy*0+ m+ + 1 



+ e-'H^ 0+m++1 )||i3£r"u| a 

+ ({e~*\v\ H , +m + +e~^v\ m+m+ \v\ H , 0+m++1 )\\Dl\ m+ u\ H t ) s>to+i y 

In particular, we have 

\[0 P£ (o l ),Op £ {<j 2 )}u-0 P£ ({<j\o 2 } n )u\ m 

+ (e-*\v\ H t 0+m++1 +e-*\v\ 2 HtQ+m++1 )\\D e h \ m ~u\ 2 
+ ((^\ v \ H s+ m + +e-^\v\ H , +m +\v\ H t 0+m++1 )\\D £ h \ m+ u\ H t ) s>to+i y 
Here v = (v , v 2 ). 

Proof. Again using a scaling argument, one can reduce the proof of Proposition 14,21 to the 
case when e = 1. As in the proof of Proposition 14. 1\ we split u into u = Uif + Uhf given by 
(|4,ip . Then we get by applying Theorem 7 and Theorem 8 in |18| that 

lOpfo- 1 ) o Op(a 2 )u hf - Op(a l ^ n a 2 )u hf \ H3 

< C (\v\^rn+l,ao) (^\Uf l f\H s + m l+ m 2- n - 1 \v\wn+l,oa + {{\v\ H s+m+ 

(4.3) + I v \h°+™+ \ v \ h*o+w++0 \uhf\ H m++t )«>fo+l) 

Setting ^(O^S^CO and £7^(O= f S 2 (0, £), we write 

Op(a 1 ) o Op(a 2 )n - Op^a 2 ) = Op^ 1 ) o Op(<r 2 - a 2 ) - Op^ 1 ^ 2 - a 2 )) 

+ opto- 1 - 4) o o P (a 2 ) - o P ((a 1 - o-Duo-l). 

It follows from the proof of Proposition 14. II that 

\0 V {aH n {a 2 - o- 2 ))u lf \ H3 < C(\v\ Wn ^)\v\ H s +n \\D\ m ^- n u lf \ 2 , 
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and it is easy to observe that 

\Op(a x ) o Op(o- 2 - al)u lf \ Hs 

< C(|t;i| 00 )^|Op((j 2 - al)uif\ H s+m 1 + \vi\ H °\Qv{v 2 ~ 0o) u «/lff*o+« 

< C{\v\ OQ ){\V2\ H s+m 1 \\D\ m2 Ulf\ 2 + \v 1 \ H s\V2\ H t <3 +rn. l \\D\ m ' 2 Ulf\2\, 

which implies that 

(Op^ 1 ) o OpO 2 )^/ - Ov{<jHn<? 2 )uif\ Ha < C(|w| H /n,oo)(l + \v\ Ht0+m +)\v\ Hs+m +\\\D\ m u\ 2 . 
This along with (|4.3p concludes the proof of Proposition 14.21 □ 

Proposition 4.3. Let mi, m 2 , n G No with m\, rri2 > n and m~= min(mi, m 2 ). Leto" 1 (^)G 
M mi , and a 2 (x h ,0 = H(y(x h ),Z) with p G N, S G C7°°(M p ,.M m2 ) and u G # io+mi+1 (M 2 ). 
Then for any < s < to + 1, there holds 

| [cr 1 (T>|)> Op £ (a 2 )]^ - Op £ ({<7\ ^ 2 }n)n|^ 

< C(|u| VF n + l,oo)^||Z?|| mi+m2 li| H s-n-l|t!| H/ n + l,oo + £~ ^ |u l^s+mj ( | | D%\ U | R t + ||Z^| m_ 1t| 2 

Proof. Similar to the proof of Proposition 14.21 one first reduces the proof of this proposition 
to the case when e = 1. For the high frequency part, u^j of u, we use Corollary 39 in [2] so 
that 

\[a\D),Op(a 2 )]u hf - V ({a\a 2 } n )u hf \ Hs 

^ C (|^| ^yn+l,cx) ) ^|ti|^s + m 1 +m2— n— 1 |v| pj/n + l,oo -(- | 7j| Jjs + m^ | 71 1 Jjt()+m2 ) ■ 

The low frequence part, of u can be obtained by exactly the same line as the proof to 
Proposition 14.21 □ 

5. The Dirichlet-Neumann operator 

The goal of this section is to study the Dirichlet-Neumann operator defined by (jl.6p . which 
will be the key ingredient used in the proof of the first part of Theorem II .11 Firstly thanks to 
the argument at the beginning of section 3, we write (|1.7p on = R 2 x [—1 + eb(xh) , e((t, x/J] 
into a problem on the flat strip S: 

' V h>z -P £ [a}V hjZ ip b = 0, in S, 

^\ z=0 = 1>, Wl*=-i = o. 

where ip b = <3? o S, P s [o~] = I + Q £ (a), Q e {o~) and S are given by (|3.5p and (|3.3p respectively. 
Then we can write the Dirichlet-Neumann operator as 

(5.2) G[eQ]i> = d^% =0 = -e 3 • P £ HV^| 2=0 . 

5.1. Some basic properties. For the convenience of the readers, we shall first recall some 
basic properties of Dirichlet-Neumann operator from [2]. 

Proposition 5.1. Let (,b G H mo (R 2 ) satisfy fiTty . Then we have 

(1) The Dirichlet-Neumann operator G[e£] is self-adjoint: 

(u,G[e(]v) = (v,G[e(]u), Vii,d 6 H^(R 2 ); 

(2) For all u,v G H^(R 2 ), 

\{u,G[e(]v)\ < {u,G[eC]u)^(v,G[eC]vy; 



(5.1) 
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d2\ 



(3) For « € JEfs 



M(a)- l \^u\l < [u,- e G[e(\u) <M(a)\^u\ 2 ; 
(4) For v G H ta+1 (M. 2 ) 2 , u G #5(R 2 ) ; and D £ (C) £«/en 6y (1277)1 . 

| (v • V|it, -G[eC]u) | < M(a)\v\ w i,o°\yu\l and 
| ([0 £ (C) fc , X • V£]«, [MO k , X • V|]n) | 

Proof. The second estimate in (4) can be deduced by following the proof of Proposition 3.7 
(i) in [2J, and all the other estimates can be found in [2]. □ 



Proposition 5.2. Let s > t , and (,be H S+ 2(M 2 ) satisfy (E2P. Then for any ip G H s+ 2, the 
mapping Q i— > Gr[eC]^> 1S well-defined and differentiable in a neighborhood of £ in H s+ 2 (M. 2 ). 
Moreover, for any h G H s+ 2 (M 2 ), there holds 

d ( G[e(]i; ■ h = -eG[e(]{hZ) - e 2 V £ h ■ (hv) with 



v = VW-eZVU ™d Z = — J 2 {G[eQ^ + e 2 V £ h ( • V £ ^) • 



Proposition 5.3. Let s > t , and £ F m ° n F S+1 (M 2 ) satisfy lEO)) . Then for any 
u G i? s+ 5(M 2 ), j G {0,1,2} and h G #* 0+1 n H s+1 (R 2 y, one has 

1 3 / j 

-j=dlG[e(\u-h hS _i < EVM{a)(\yu\ m ]J \h k \ H t 0+ x + \((,b)\ H s + i 

k=l 

j j 

x |?Pu| H | \hk\ H t +i + l^l^o ^ \hk\ H i +1 II l^l^o+i 
fc=i ' fc=l z^fc 

Proof. We only present the proof for the case when j = 0, the other cases can be handled in 
a similar way (one may check the proof of Proposition 3.3 in [2]). Indeed for any v G 5(R 2 ), 
let u b and v) be defined by ()5.ip and (|2.5p respectively. Then applying (j2.2j) and the fact 
that 



||A e 'vVHa < C|u| 



gives 



(A" »G[eC]u,i;) = (GKRAj »«) = [ {l + Q £ [a])V £ u b ■ A" *V e v* dx h dz 



A s £ (l + Q £ [a])V £ u b ■ A £ l2 V £ vUx h dz 

s 

e„.b\ 



< C\\A S £ (1 + Q £ [a])V £ u b \\ 2 \v\2 

< M(a)\v\ 2 {\\A s e V £ u b h + \\A £ °V £ u%\((,b)\ H s +1 ), 

which along with Corollary 13.11 proves the proposition for the case j = 0. □ 
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Remark 5.1. We can also deduce from the proof of Proposition 3.3 in [2] that 

1-1 / j 

5 d\G\eC\u ■ h ^ <s^M(a)[\A^u\ H sl[\h k \ H t 0+m+ i 



21 



k=l 



+ \A? +i (c,b)\ H s\y u \ H t 0+m n \h k \ H t 



+ m+l 



k=l 



H t o+ m 

fc=l Z^fc 

for m = 0, 1, 2, 3. T/iis result is not sharp, but is enough for our applications in this paper. 

Proposition 5.4. Let T > 0, b G ff m »(R 2 ),(e C([0, T];H m ° (M?)) satisfy |22P for some /i 
independent oft. Then for any u G C 1 ([0,T]; H^(M. 2 )) and t G [0, T], one has 

'[^,G[eC]]«(*),«(t))|<eM((7(t))|V^C|Do|Wt)li- 

5.2. The principle part of the DN operator. Recall that a(t, Xh,z) = —ezb(xh) +e(l + 
z)C(t,Xh), we rewrite P £ [<r] in (|5.ip as 



p>] 



P' 



with 



Pf = £ {l + s(- eb) 



1 

s 



-zd x b + (z + i)d x ( 

e{-Zdyb+{z+l)dyC) 



1 + e(ezd x b - e(z + l)d x () + e 2 (e^6 - e(z + l)d y C)' 
Pd+i — 



1 + eC -eb 
Then we have 

P E [*) d =v h , z • p s [a]v h , z = P £ d+l d 2 z + (2 P £ • v h + (d zP e d+1 

+ Vh • P £ ))d z + P(A h + ((V/, • Pf) + a zP £ ) • v h 

For simplicity, we shall neglect the subscript e in what follows. 
We now define the approximate operator to P £ [c] as follows 

def 



(5.3) 



app ' 



'--Pd+i(d z ~ rj_(x h ,z,D £ h ))(d z - n + (x h , z, D £ h )) 



where r]±(xh, z, D £ h ) [z G [—1,0]) are pseudo-differential operators with symbols 

1 



(5.4) n±(x h ,z,e) 



ip ■ £ ± y/Pd+it ■ Pit ~ (P • 2 

Pd+i 
l + d z a 



l + e|V|(j| 2 



£ V|a • f ± ^e(l + e|V^| 2 )|ei 2 -e 2 |V^-el 2 ) • 



It is easy to observe that there exits some constant c+ > so that 

(5.5) V^M(a)\e\ > Re( V+ (x h ,z,e)) > V^c + |f |, 

and there exists £±(u,£) G C 00 ^ 3 ,^ 1 ) such that rj±(x h ,z,( £ ) = y/e £ ± (V £ cr,<f 
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As in [T7], for u G 5(M 2 ), we define the approximate solutions to (|3.7p as 

n„ pp (x/ l ,z)= f (T a pp(x/ l ,2;,D|)n with 

(5.6) i-o 

o-app^/n^O = exp(- / r] + (x h) s,£)ds)), 

J z 

and we define the symbol for the approximate Dirichlet-Neumann operator as 

(5.7) g(x h ,ef=sfi(l + e 3 |V|CI 2 )lel 2 - e 4 (C e • V|C) 2 - 
Then it follows from [TT] that 

(5-8) g(a? ftj Z^)V> = d^ b app \ z=0 . 

We'll see that g{xh- l D ! f l ) is the principle part of the D-N operator. 

The goal of this subsection is to prove the following proposition which concerns the accuracy 
of the approximate Dirichlet-Neumann operator. 

Proposition 5.5. Let s > 0, u G H s+ h n F* 0+ ^(IR 2 ), and u b be defined by (pLZ}- -Let 



(5.9) d =G[eC]« - g{x h ,Di)u = d?(u b - u b 



up p. 



\z=0- 



Then we have 

(5.10) \R[<]u\ Hi < ^M(a)(\yu\ Hi + \yu\ H t \(£,b)\ H s +3 y 

Remark 5.2. This estimate is not a standard one since the gain is of half instead of one 
derivative compared to similar estimates in |17}I21|. This is due to the need ofO(y/e) term in 
the r.h.s. of \5.9\) . In fact, we refer to [TB] for how to gain the full derivative without losing 
the yfe in the r.h.s. of \5.9\) . 



We start the proof of this proposition by the following lemma. 
Lemma 5.1. Under the assumptions of Proposition 15.51 we have 

WKVfrfpph < M{a)(\y U \ HI + \^u\ Hl0 \{QM m 
.b 



||A^< pp || 2 < y/iM(a)[\^u\ Hi + \¥u\ H t 1 (C, 6)1^+2 
Proof. Thanks to (|5.6p . we write 



u 

(5.11) 



b a PP =Va P p(x h , z, D £ h ) exp(-^y/ez\Dl\)exp(Y^ z \ D h\) u 
d =Vapp(x h , z, D e h ) exp(^-^z\D £ h \)u. 



Note by (|5.5p that o~ ap p{xi l ,z,D e h ^ is a pseudo-differential operator of order zero, and 
^h u a PP =(- ( J {VhV+){-iS r )dsa ap ^{x h ,z,Dl) + a aw (x h ,z,Dl)vi^ 
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which along with Proposition 14.11 and 



|A^|exp(^v^l^l)«ll! 



C -±^iz\Dl\)u\\l 

/ < 



= / / (e) 2 %^\e\)-^eM^z\e\m 2 d(dz 
+ f I (f) 2 iri 2 ex P (^^iri)i^i 2 ^ 

J—i A/eiei<i 2 

^ 2 / ^ 2 \FLe\ W 2 ( f eMC + V~ez\e\)V~e\e\dz)dC 
A/sif e l>i 1 + V £ \Z e \ V-l J 



+ 2 / (0 2 % , le L Fl |A| 2 ^ < C|?p«|lr. 



ensures that 



'^ie e i>i 
(/iiei<i NS ' i + v^l^l 



|AeV £ h < p || 2 < M(a)(||A^|^|exp(^^l^l)«ll2 



+ ||A*o|^|exp(^^|^IHl2|(C,6)l^+ 2 ) 
< M(a)(\yu\ Hi + |^n|^ |(C,6)| H|+2 ). 

The other estimate of the lemma can be obtained in a similar way. □ 

Lemma 5.2. Under the assumptions of Proposition 1 5. 51 we denote u b T '==u b — u h app . Then one 
has 



|A| +1 V £ ^|| 2 < M(*)(\yu\ H > + |^n|^ |(C,6)|^ + a), 
\A s £ V £ d z u% < y/iM(*)(\yu\ H g + \^u\ H t \(C,b)\ Hi+ s). 



Proof. Thanks to the definition of u h r , we find out that it solves 
(5.12) 



P " " ' ^app)u b a pp ^*app u app in 5, 



appJ ~ V-*- appj^app app^app 

„.b\ n f)f 3 ii^\ r)Pnb I 

a r \z=0 — u , i-'n "y|2=— 1 — u n a app\z=—li 

where P app is defined in ()5.3|) . Then we get by applying the first inequality of Proposition 
that 



(5.13) ||A| +1 V £ <|| 2 <M( ( r)( e -i||A|(/ i i pp + ^ pp )|| 2 + |^ p J z= _ 1 |^ +1 

+ {^\\K ~ l ( h lpp + h lpp)h + \ dnU b app \z=- 1 1 H t ) | (C, I H| 

Here 

^"app = (P — P app) u ap p an d ^app = ^ 'app u app- 

In what follows , we shall estimate term by term the right hand side of (|5.13p . 
Step 1. The estimate of h\ pp . 



Let 



Ti{x h ,z,D e h ) d =r]_(x h ,z,D £ h ) o rj + (x h ,z,D%) - (rj^r) + )(x h ,z,D e h ), 



(5.14) T 2 (x h , z, D £ h f=\d z rj + )(x h , z, D%). 
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Then we write 

P - Papp = ~ Pd+lTl + Pd+\T2 + (OzPd+1 + V /t • p)d z + (V h ■ Pi + d z p) ■ V h . 
While it is easy to observe that 

j{ d x (C-b) 



V h • p =e\D £ h \ 2 a = e\-z\D%\% + (z + 1)|^| 2 C), 
dzPd+i = 2e? ' 



^(-zV £ h b+(l-z)V £ h ()-V £ h ((-b) 



l + e((-b) 
one has • Pi + d z p = and 

d zPd+ i + V ft • p = e 2 F(b, V £ h b, \D%\% C, V%(, \D%\ 2 () 
for some smooth function F. Then it follows from (|2.2p - ([2.3p that 

||A^ OT || 2 <M(*)(j\I4n(x h ,z,Dfiu b app \\2 + \\A s £ T 2 (x h ,z,D £ h )u b app \\ 2 
+ e 2 \\A s £ d z u b app \\ 2 + (||A* f 'ri(x /l ,z,P'|K pp || 2 
+ \\Al°T 2 {x h , z, D £ h )u b app \\ 2 + eh ||A*°^< pp || 2 ) |(C, 6)1^) ■ 
Applying Proposition 14.21 and Lemma 15.11 yields 

HAI-nC^,^^!)^^ < e i^( CT )( e ||A||^|^ p || 2 + et]|A|o|^|^[| 2 |(C,6)|^ +2 ) 

< elM(a){\^u\ H s + \%u\ Ht0 \((,b)\ m+2 ). 
Similarly applying Proposition 14.11 and Lemma 15. II gives 

\\A s £ T 2 (x h , z, Di)u b app \\ 2 < eiM(a)(\¥u\ H s + |^|^ 1 (C, b)\ m+2 ) . 
As a consequence, we obtain 

(5.15) ||A^ W || 2 < eiM(a)(\¥u\ H s + |^|^ |(C,6)| ff|+2 ). 

Step 2. The estimate of h 2 app . 
Thanks to (|5.6p . we write 



h l P p =VappU b app = p d +i(d z - r)-(x h , z, D £ h ))T 3 (x h , z, D £ h ) ex${^-zy/e\D e h \)u, 

where a app is given by (|5.1ip and 

dcf ~ ~ 

r 3 (x h , z, D £ h ) = Op £ (r] + a app ) - Op e (r? + ) o a app (x h , z, D%). 

Applying Proposition 14.11 gives 

||A|^|| 2 <M( < r)(||A«V e 7 S ( a : h ,z J ^)ex P (^«Vi|^IHl2 

+ ||A<° V £ r 3 (x h , z, D £ h ) exp(^^Vi|^|)u|| 2 |(C, 6)| ff . +3 ) . 

As in the proof of Proposition 14.11 we split u into the low frequency and high frequency parts 
so that u = U[f + Uhf with uif = ip(Df t )u. Then we deduce from Proposition 14.21 and the 



LARGE TIME WELLPOSEDNESS OF CAPILLARY-GRAVITY WAVES 25 

proof of Lemma 15.11 that 

||A|V £ r3(^, z, D%) exp^VMK/lh < ^M{a) (||Af 1 exp^V^IK/lh 

+ \\^ +l eM^^\Dl\)u hf \\ 2 \(CM H ^ 
< e*M(a)(\yu\ H . + \yu\ H t \((,b)\ H s+3), 
and it follows from a similar procedure as that used in handling U[f in Proposition 14,21 that 

\\Ayz T3 ( Xh ,^ D e h)eM 2± z ^\ D e hl) ^ 

<elM(a)\y U \ 2 \((,b)\ H s +3 . 

Whence we obtain 

(5.16) WKhlpph < elM(a)(\yu\ HI + \y U \ H t |(C, 6)| H . + s) . 

Step 3. The estimate of dnU b app \ z= -i. 
Noticing that 

9n ub a PP U=-l = -e 3 • (1 + Q[p]W £ u b ap P \z=-i 

= e 2 V £ h b ■ V £ h a app (x h , -1, D £ h )u - Vd+l\z=-l(j)+a app )(x h , -1, D £ h )u, 
which together with (|2.2j) - (12.3p implies that 

\dnU b app \z=-i\ m +i <M(a)(e 2 \\D £ h \a app (x h ,-l,D £ h )u\ H s+i 

+ \(v+ (J ap P ){xh, D £ h )u\ H s+i + (e 2 \\D £ h \a app (x h ,-l,D £ h )u\ H t 
+ \{r] + a app ){x h ,-l,D £ h )u\ H t )\(C,b)\ H s+2 ^ 
It is easy to observe from the proof of Lemma 15.11 that 

^\\Dl\a app (x h ,-l,Dl)u\ m+ i <M{a){\{l + y/i\D £ h \)-\\D £ h \u\ H s 

+ \\D £ h \{\ + y/i\Dl\)-^u\ H t \(C,b)\ HS+ s^ 

and similarly we have 

\{v+o-app)(x h , -1, D £ h )u\ H s+i < M(<t)(\*#u\h* + 1^1^ | (C, b)\ H s+ 3 ) . 
Therefore, we obtain that 

(5.17) \d£u b app \ z= „i\ H s + i < M{a){\^u\ Hi + \^u\ H p |(C, b)\ H **) . 
The above arguments also imply that 

(5.18) |c£< P L=-ik < V~eM{a){\^u\ HI + \^u\ R t | {(, b)\ H s+s) . 

Plugging (|5.15p - (|5.17p into (|5.13[) yields the first estimate of the lemma. The second 
inequality of the lemma can be deduced from the third inequality of Proposition 13.21 and 
(|5.15p - (|5.17p . This finishes the proof of Lemma 15.21 □ 
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With the above two lemmas, we can complete the proof of Proposition 15.51 
Proof of Proposition [B"T5l Thanks to (|5.9p . for any v £ S(M?), we get by applying Green's 
identity that 

(A s £ R[e(]u,v) = (d^u b r \ z=0 ,A s £ v) 
= -{^i4\z=-i,K^\z=-i)+ J ( Pu r + {l + Q[a])V £ u b r -V £ K s £ v^)dx h dz 
= {K 8 Xu b app \ z ^ u x{-yre\D%\)v) 

- j (A|P< p t/t - A|(l + Q[a])V £ u b . • W) dx h dz. 

As ||f'||2 < CM2, applying Lemma HT31 below ensures that 

\{A s E R[eC}u,v)\ <C|H 2 (|A^< p U = _ 1 | 2 + ||A|Pn^|| 2 + ^l|A| +1 (l + QH)vy,|| 2 ^ 

which together with (|5.15p , (|5.16p , (|5.18p and Lemma 15.21 implies that 

\(A E R[e()u,v)\ < V^M(a)\v\ 2 (\¥u\ H s + \y u \ Hl0 \((,b)\ H§+3 ). 

This proves (|5.10p by duality. □ 

5.3. Commutator estimates. In this subsection, we shall present several useful commuta- 
tor estimates between the Dirichlet-Neumann operator and the elliptic operator f e (C) defined 
by dZU). 

Proposition 5.6. Let k e N, and C,b e H m ° n H 2k+2 (R 2 ) satisfy O^) . Then for any 
u £ H to+ l n H 2k+ ^(R 2 ), there holds 

(5.19) I [-G[e(],V £ (() k ]u\ 2 <eM(a)(\y U \ H 2 k + \^u\ Hto+ i\((,b)\ H 2 k+ 2 



-£ 

p2\ 



Proof. Thanks to (|3.5p and (|5.2p . for any v G «S(R ), we get by applying Green's identity that 
([GK],D e (C)*]«,«) = (G[eC]J) e (C) fc «,«) - (^(O'GKlv) 

= ^{(1 + QH)V £ (D E (() fc «) 6 • - o £ (0 fc (i + QM)V e n" • W 

- V £ • (O e (C) fc (l + QM)V £ M> f } cfx h 
( 5 - 2 °) = j {[(1 + Q[a])V E ,D e (C)> fc • V e ^t 

+ (1 + QH)V £ ((D £ (C) V - D e (C)V) • 

- [V £ ,9 e (C) fe ] '((l + Q[*])V e u b )vi}dx h dz 
d =A 1 +A 2 + A 3 . 

To deal with A±,A 2 , we need the following lemma, which can be deduced from the proof 
of Lemma 3.1 in [2]. 

Lemma 5.3. For all f £ L 2 (R 2 ) and g E H 1 ^) 3 , one has 

\J V e /t • gdx h dz\ < C\/i|/| 2 ||A £ g|| 2 . 
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Applying Lemma 15.31 to A\ gives 

|Ai| < CV~e\v\ 2 \\K £ [(1 + Q[a])V £ , d £ (() k ] u%, 

but as 

[(l + Q[a])V £ ,d £ (C) k ]u b = {1 + Q[a])[V £ ,d £ (() k ]u b + [Q[a},d £ (() k ]V £ u b , 
from which, Lemma 12.41 and Corollary 13.11 we deduce that 

\\A £ [(l + Q[a})V £ MO k }u b h < e M(a)(||AfV^ 6 || 2 + ||A t0+1 V £ « 6 || 2 |(C,b)| Hf+2 ) 

< E%M(a)(\y U \ H 2 k + \yu\ H t 0+ i\((,b)\ H 2 k+ 2). 

As a consequence, we obtain 

(5.21) 1^1 < e 2 M(a)\v\ 2 (\yu\ H 2 k + \y U \ H t 0+ i\((,b)\ H 2 k +2 ). 
Applying Lemma 15.31 again, we have 

\A 2 \ < V~eM(a)\v\ 2 \\A £ V £ ((d £ (O k u) b - 6 (C) fc « b )[| 2 . 

Thanks to fl37T|), we find that (d £ (() k u) b - d £ (() k u b solves 

V £ • (1 + Q[a])V £ ((d £ (() k u) b - D £ (C) V) = g, 
(D e (Oy-D £ (()V| 2=0 = 0, 

a n ((9 £ (C) fc n) fe - O e (C) fe « 6 )U=-i = e 3 • [(1 + Q)V £ M() k ]Az=-i, 
where 

g t f _ [ V £ , fi (C)*] • (1 + Q[a])V £ u b - V £ ■ [(1 + QH)V £ , e (C) fc ] u 6 . 
Then we deduce from Proposition 13.11 and Proposition 13.21 that 

||A £ V £ ((0 e (C) fc n) fe -0 £ (C)V)|| 2 

<M(a)(||A £ [(l + QH)V%D £ (C) fc ]n 6 || 2 + e-i||[V £ ,9 £ (C) fc ]-(l + QH)V £ n b || 2 ) 

< elM(a){\¥u\ H 2 k + \¥u\ H t 0+ i\{(,b)\ H 2 k+ 2), 

which gives 

(5.22) \A 2 \ < e 2 M(a)\v\ 2 (\<$u\ H 2 k + \<#u\ H t + l\((,b)\ H 2 k +2) . 

To deal with A3, we apply Lemma 12.51 Lemma 12.41 and Corollary 13.11 to obtain 
\A 3 \ < c 2 ||[V £ ,c) £ (C) fc ] • {(l + Q[<j])V £ u b \\ 2 \v\ 2 

< e 5 2M(a)(\y U \ H 2 k + \yu\ Ht0+ i\((,b)\ H 2 k+2 )\v\ 2 , 
which along with (|5.20M5.2"2j) concludes that 

\{[G[e(]MO>,v)\ < e 2 M(a)\v\ 2 (\¥u\ H 2 k + \¥u\ Ht0+1 \((,b)\ H 2 k+ 2), 
and this implies (|5.19|) . □ 
Remark 5.3. It is easy to observe from the proof of Proposition 15.61 that 

\\D £ h \ m [A s , -G[eC\]u\ 2 < eM{o-)(\k™ +l ^u\ H s-, + |^| Ht0+2 |A e 3 (C, 6)|^) 

for m = 0, 1, which will be used later in the lower order energy estimate. 

In order to deal with the energy estimate for the linearized system of fjl .8[) . we need the 
following sharper commutator estimate. 
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Theorem 5.1. Let s > 0, k G N, and (,6 £ # m ° n iJ 2fc+s+3 (IR 2 ) satisfy {23). We denote 
p(()=\l + e 3 |V|C| 2 )i- Then for any u G H 2k+S -^ n #' 0+ l(IR 2 ), we have 

Remark 5.4. Compared with \5.19}) . the commutator estimate \5.23\i gains one more deriv- 
ative. The key observation used to prove this theorem is that the symbol of the principle part 
of the operator p(()~ 1 G[eQ is the same as the square root of the symbol ofD £ (Q. 

In what follows, we divide the proof of Theorem 15.11 into two parts. In the first part, we 
deal with the commutator estimate between the principle part of DN operator and e ((). 

Proposition 5.7. Let s > 0, u G H s+l n H to+2 (R 2 ), and g{x h ,£ e ) be determined by (f5T7|) . 
Tien under the assumptions of Theorem \5.1l one has 

(5.24) |[ip(CrV*fc,i^),i> e (0]«|ir. <^M(a)(\yu\ + i + (|q3 U | +3 |C|^+3) s> ^+i) . 

6 s \ H F H F / 



Proof. It is easy to observe from (|4.2p and (|5.6p that 

where t> £ (()(x,£ e ) denotes the symbol of the pseudo-differential operator with D e (() being 
defined in {277]) so that Q £ (()(x,£ £ ) = \^\ 2 - e 3 p(()~ 2 ■ £ £ ) 2 . Then we have 

[piO^gix^DDMO] =[p(Q- l g(x h ,Df l )M0]-Op e {p(cr 1 9(x h ,0M0^0} 1 , 

from which and Proposition 14.21 we infer that 

| [p{()~ l g(xh, D e h ), de(()]u\ H s < eHf(o-) JeT | \D%\u\ H s + £ t m+3 \ \D E h \u\ H t Q +i) s>to+1 j , 
which together with the fact that 

1^1(1 + ^1^1)5 



\ D V\ u \m < 



(1 + V^I-D-i'" 



£ 

h 



l 

-U 



< \yu\ s+ i 



implies (pT24"p . □ 

Next let us turn to the commutator estimate between R[eQ and e (C)- 

Lemma 5.4. Let s > 0, u G H s+ ^ n i? io+ 5(IR 2 ). Let u fe be given by (pTTj) and u b r be given 
byLemma\UM We denote w b = (V £ (()u) b - V £ (()u b r . Then one has 



\A s £ +1 V £ w b \\2 + e-^\\Ay £ d z w b r \\ 2 



(5.25) < eM(a)(\¥u\ m+ i + \^u\ H t \{C,b)\ Hl+5 

+ {\yu\ H t 0+ i\((,b)\ H s+5) s>to + (\^u\ H t +2\(C,b)\ Hi +B} s> t 0+ i). 
Proof. Thanks to (|5.12p . we have 



b 

a% 

(5.26) - (MC)n) b app ) + {d £ (()P app u b app - P app (d £ (C)u) b app ) + [0 6 (C),P] 



P«£ = [0 e (C), P - P« PP ] < w + (P - P apP ) (MCKp,. 



d =hi + h 2 + h 3 + 
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together with the boundary conditions 



w b r \ z= Q = 0, d%wl\ z= -i = gi + g 2 



where 

def „ I7l , /~>r_l\V7£ * f/-W,.b 



91 = eg - [(l + QM)V e ,9 £ (0KU=-i, 



92 = f -e 3 • [MC), C 1 + QM)V e o- app (a;/ 1 ,z,^)]«|, = _i. 

In what follows, we just consider the case of s > to + 1, the other cases can be handled 
a similar way. In this case, we first get by applying Proposition 13.21 to (|5.26p that 

||A^ 1 V e ^|| 2 <M(a)( £ ^||A|(/ ll + --- + ^ 4 )|| 2+£ -|| 5l | s+ , 
(5.27) ; 

+ b2| H |+i + (£-^||A*°- 1 (7ii + • • • + /i 4 )|| 2 + \sx + fls| J #)|(C,&)lff<+a), 

which reduces the estimate of (|5.25j) to that of hi,h 2 ,hs, h± and g\,g2- 
Step 1. The estimate of h\. 

Recall from the proof of Lemma 15.21 that 

P - Papp = -Pd+m + Pd+lT 2 + (d z pd+i + V h ■ p)d z , 

so we write 

[d £ (C),P -Papp] =~ [%{(), Pd+m) + [* £ ((),p d+1 T 2 ] + [%{(),d zPd+l + V h -p]d z . 
To deal with [o e (0,Pd+lTi] , thanks to (|5.14h . we can split [9 £ (0> r i] as 
[0 £ (O,ri] =([5 6 (C)^_] - Op £ {0 £ (0,t?-}i) oOp 6 (t7 + ) 

+ Op £ (7 ? _)o([0 £ (0 ! 7 ?+ ] -Op E {%(c),v+h) 
+ (Op £ {0 £ (0,r?-}i o Op £ (r/+) - Op e ({D e (C),»7-}l»7+)) 
+ (Op £ (r/_) o Op e {D B (C),»7+}i " Op e (77_{O e (C), »?+}!)) 
+ (Op £ {0 e (O,??-r? + }i - [D e (C),Op e (7/_7/ + )]), 
from which and Propositions 14. 1 1 14.21 and Lemma l5.lt we deduce that 

< elM{a){\<$u\ m+ i + \yu\ H t 0+ 2\((,b)\ m+ 4). 

This ensures 



||A e [9 e (0,Pd+m]< p || 2 < ||A|[o e (C) J p < H-i]n«5 RP ||2 + ||A £ p d+ i[o £ (0,n 

< e5M((7)(|«Pw| H . + i + |<pu| H t 0+ 2|(C, b)\ H s +i ). 

Exactly following the same line, we obtain 

II K [0 £ (O,Pd + ir 2 ]< p ||2 + ||A|[D e (0, {d z pd+i + • P)]d z u b app h 
< eiM{a)[\^u\ m+ i + |«p«| fr t 0+ a|(C,6)| H .+4). 

Consequently, we arrive at 

(5.28) ||A»fci||a < e*M(a)(\yu\ H s+i + |^n|^ 0+2 |(C, b)\ H . + *) . 

Step 2. The estimate of h 2 . 



it. 



app I 
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Set 



= [%(C),^app(xh,z,D%)] exp (^zy/e\D%\)', 



+ a app (x h ,z,D e h )[D £ (C),exp (—zyfe\D e h \)]u, 

with a app being given by (|5.1ip . Then we deduce from the proof of Propositions I4.1H4.2I and 
Lemma 15.11 that 

\\K{V £ h ,d z )w b app \\ 2 < e L 2M(a)(\¥u\ H s + i + |^|^ 0+2 |(C, b)\ Ht *). 
And we get by applying Propositions I4.lti4.2l that 

(5.29) WKfoh < e 3 zM(a)(\¥u\ H s +1 + |?p«|^ +a |(C, b)\ H *+). 

Step 3. The estimate of /13. 

It is easy to observe from (|5.6p that /13 = [d £ (C),~P apP &a PP \u, since 

Papp oa app =p d +i{d z - rj-(x h , z, D%))r(x h , z, D £ h ) exp(^z v / e|^|), 
r(x h ,z,D £ h ) =Op £ {r] + a app ) - rj+(x h , z, D £ h ) o a app {x h , z, D%), 

we write 

h 3 =[5 e (C), Pd+i] (fl* " Op e (»7_))T(X, z, Dg) exp(^zv^|)u 
- Pd+l [MO, Op £ (rj-)} r(x h , z, D £ h ) exp(y Zy/s\D e h \)u 
+ Pd+i(d z - Op e (77_)) [0 e (C),r(^, z, £>£)] exp(^^|^|)n 
+ Pd+i{d z - Op £ (r ? _))r(x fe , z, L>£) [MC)> exp{^±z^\D £ h \)] u. 
Applying Propositions I4.l l l4.2l ensures that 

(5.30) \WM\2 < e 3 2M(a)(\¥u\ H s +1 + \^u\ H t 0+ i |(C &)| h .-h) • 

Step 4. The estimate of /14. 
Notice that 



h A = [c) £ (C),V e -(l + QH)V £ ]i/ 



el„.6 
r 



= [MO, v e • (1 + QH)]vx + v e • (1 + QM)[M0, v £ 

which together with Lemma 12.41 and Lemma 15.21 implies that 

WK^h < £ 2 M((7)(||Af 2 V £ ^|| 2 + |(C,6)U |+ 4||A t0+1 V £ ^|| 2 ) 
(5.31) +eM(a){\\K +l V £ v b r h + II A* +1 (V £ ) 2 ^|| 2 + | (C, b)\ H s + * \\ A to+1 V £ n b r \\ 2 ) 

< e§M(<x)(|<H H . + i + \¥u\ Ht0+ i\((,b)\ H s +i ). 

Step 5. The estimate of g\ and g 2 - 
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We first get by applying Lemma 12.21 and Lemma 12.41 that 

|5il s+ * <£-3||A*V e [(l + QM)V^ £ (C)Kl| 2 



< £*M(a)(yi\\A s + 2 V £ u b r \\ 2 + \\A s £ +1 V £ d z u% 
+ (^||A'°V £ ^|| 2 + \\A t0 V £ d z u b r \\ 2 )\((,b)\ H s +5 



from which and Lemma 15.21 we infer that 

(5.32) \ gi \ 3+ i <e^M(a)(\yu\ H s + i + \yu\ Ht0+1 \((,b)\ H s +5 ). 

To deal with g 2 , we first rewrite it as 

92 = ~ e 3 ■ [f e (0, (! + QM)V e ]cr app (x h , z, D%)u\ z= -i 

- e 3 • (1 + QH)V e [0 e (C),O-app(^,2 ; ,£>|)]'u| 2= _i =521 +522- 
It follows from Lemma 12.41 and the proof of Lemma 15.11 that 

\92i\ H i +1 < eM {°){\^ e<J a PP {xh,z,D £ h )u\ z= -i\ H s+2 

0~app{%hi z i Df l )u\ z= — l\fj t O+ 1 

<£M(a)(\yu\ H s+i + |^| Ht0+1 |(C,6)|^ +4 ), 

and similarly, one has 

\922\ H s+i < eM(a)(\y$u\ H s+i + \?pu\ H t +i\((, b)\ H s+A). 

This gives 

(5.33) | 32 | H|+1 < eM(a)(\<$u\ H s+i + \^u\ Hh)+ i\{CM m ^) ■ 
Plugging QQg]) - (15321 and (l533"j) into (f5T2"TD results in 

||A* +1 V £ ^|| 2 < eM( ff )(|qj«| H . +1 + |^n| Ht0+ i|(C,6)|^ +5 ). 
On the other hand, it follows from the third inequality of Proposition 13.21 that 

||A*V £ <9^|| 2 <M(<7)(||A!(/ii + -.. + /»4)||a + e*|0i| s+ i+v% 2 |h| 

+ (||A*°(/ti + • • • + /i 4 )|| 2 + v^bi + ^l^o+OKC, &)Ihi+ 2 

< eiM(<7)(|«Pu|jH-i + \¥u\ Ht0+ 2\((,b)\ H s +5 ). 
This completes the proof of Lemma 15.41 □ 
Lemma 5.5. Let s > 0, k G N, and u E H 2k+S -^ n # <0+ i(R 2 ). Then there hoid 
||A| +1 V £ u^ fe || 2 < eM(tj)(| $ Pu| H 2 fc + a -i + \<#u\ mo +2\{C,b)\ H 2k+ s + 3 ), 
||A*V £ <9^ fc || 2 < e§ M(o-)(|«p«| fl2 * + ._i + |qJ«| fl * +a|(C,6)| fl -aw-.+8). 

ffere^ fc = f (|^| 2 ^-|^| 2fc ^. 

Proof. The proof of this lemma essentially follows from that of Lemma 15.41 Here we need to 
use Proposition 14.31 to deal with some commutator estimates. We omit the details here. □ 
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Proposition 5.8. Let s > and u £ H s+ i n H to+ z (M 2 ). Then under the assumptions of 
theorem \5.1l we have 



\[^R[e(],V e (()]u\ Hi < V^M(a)(\^u\ H!+ i + \^u\ Ht0 \(C,b)\ H s +5 

+ (I^Mi^o+i I (.C,b)\ H i+5} s >t + (\yu\ H t +2\((,b)\ H s+s) s>to+ i 

Proof. Thanks to (|5.9|) . for any v S 5(M 2 ), we get by applying Green's identity that 
(At[R[eC}MC)}u,v) = (R[e(]V E (Ou,A s e v) - {d £ (()R[e(}u,A s £ v) 

= ^{V e • (1 + QH)V £ (i) £ (C)n)5A>t + (i + Q[a])V £ • V e A>t 

- V £ • (O e (C)(l + QH)V e «J)A»«t _ 0e ( C )(i + Q[ a ])V £ u b r • V £ A| V t} dx h dz, 
which ensures 



9 £ (C)^)A^t - V e • [t> £ (0, (1 + QM)v £ KA^ 



+ [(l + QH)V £ ,9,(C)]^.V £ A>t 

+ (1 + QH)V £ ((O e (C)«)^ - o e (c)«J) • v e A>t| dz 

def 

= i?i + B-2 + -B3 + i?4- 

Here v^^(l + z)x(z- v /e|Z) £ l |)v with x being given by Lemma 12.51 

Again we only consider the case oi s > to + 1, the other cases can be handled in a similar 
way. First of all, we get by applying Lemma 15.31 that 

|B 3 | <CVibl2||A| +1 [(l + Q[cr])V e ,0 e (C)]^||2 + Cb| 2 ||A§[(l + Q[ CT ])V £ ,0 e (C)]^|| 2 . 
Besides, Lemma 12.41 and the first inequality of Lemma 15.21 ensures that 
WK+^il + Qia^MOHh <eM(a)[\\A s +^u% + \{C,b)\ Ht *\\A to+1 V e 4h) 

< eM(o) [Wu\ h s+i + \y u \ Ht0 KC, b)\ m + 4 ) ' 
and Lemma 12.41 and the second inequality of Lemma 15.21 implies that 

||A![(1 + QH)V £ ,9 £ (C)K||2 ^eM^dlA^V^Ib + KC^I^+aHA^V^Ib) 

< e*M(o)(\*pu\ H; +i + |<P<Vo+i|(C,&)| H |+3). 

Here we used the fact that || A| +1 V e -uf.||2 < || A| +1 V e (9 2 ^||2 due to u b \ z =o = 0. So we arrive 
at 

(5.34) |B 3 | < elM(o-)\v\ 2 [\yu\ m+ i + \^u\ Hto+ i\(C, b)\ H *U). 

Notice that B2 can be rewritten as 

B 2 = - J {Vi(y%, 0) • [5 6 (0, (1 + QH)V £ ]^A|«t + e 3 . [v e ((),d z Q[o-}V*]u b A 
e 3 • [0 e (0, (1 + Q[o-])V £ ]d z u b r A s £ v^ dx h dz, 



+ ■ 
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which together with Lemma 12.41 and Lemma 15.21 yields that 
(5.35) \B 2 \ < eiM(a)\v\ 2 (\^u\ H s+i + \y U \ H t 0+ i\(\ H s+4) . 

Finally we have by Lemma 15.31 and Lemma 15.41 that 

\Bt\ + \B A \ <M{<j)\v\ 2 (V^\\K +1 V £ w b rh + \\K^ £ dzW% 
(5-36) +\\A t0 V £ (w b r + d z w b r )\\ 2 \(C,b)\ H s + 2) 

<e 3 2M(a)\v\ 2 (\¥u\ H s + i + \¥u\ H t 0+ 2\((,b)\ H s +5 ). 
Summing up (|5.34p - (|5.36p . we conclude Proposition 15.81 by the duality. □ 
Remark 5.5. It follows from the proof of Proposition \5.8\ that 

\[~R[eC]MO ~ \ D h\ 2 ]u\ Hi ^ V^M(o-)(\y U \ m+ i + \<Pu\ H t \((,b)\ H s+5 

+ (|9N H |0 + 1 I (C,b)\ H s+5) s>to + {\y$u\ H t + 2\((,b)\ H s+5) s>to + iy 

Thanks to Lemma 15.51 and the proof of Proposition 15.81 we also obtain that 

Proposition 5.9. Let s > 0,k £ N, and u £ H 2k+S ~l n H to+ ^(R 2 ). Then under the 
assumptions of theorem I5.il one has 

Now we are in a position to prove Theorem 15.11 
Proof of Theorem 15.11 Thanks to (15.9p . we write 

[UC)\-p(Cr 1 G[eC]]u=[U0\-p(0- 1 9(x h ,Dl)]u 

(5.37) £ e 

+ [d £ (() k , -piO^RHWu^h + II k . 

We shall prove by an induction argument on k that 

(5.38) \h\ns < VeM^^Jtyul^k+s-i + \^u\ H t +2\C\ H 2k+ s +3^ . 

The case of k = 1 is a direct consequence of Proposition 15.71 We assume that (|5.38p holds 
for k < £ — 1. We now turn to prove the case of k = I. We write 

h =M0 [M0 l ~\ \ P {Q- l g{x h , D%)] u + [MO, ~ P (tr l g(x h , DD] d £ (cY- l u. 
Using Lemma 12.31 and the induction assumption, we have by an interpolation argument that 

\M0 [MO 1 ' 1 , \p{0- x 9{x h , DD] u\ H . < M(a) (| [M0 l ~\ ^(O-'gix, Dl)]u\ m+ 2 

+ I [MO'' 1 , - £ P{0- X 9(xh, Di)]u\ H l* ICI^+a) 
< \f£M{a)U$u\ H 2i+ s -i + \^u\ H to+2\C,\ H 2l+s+3\, 
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and applying Proposition 15,71 and Lemma 12.31 gives 



< £ 4M(a) intern i +(q}0 £ (cr i « § ici HI+5 ) s >t 0+1 



< ^M{a)[\^u\ H 2i+s-i + \y}u\ H t +2\((,b)\ H 2e+s+ 3 ). 



This proves ()5.38|) for k = £. 

Noticing that TTfc can be rewritten as 



n k = [uc)\^p(cr l ]RH]u+p(cr 1 [uc) k ,]R[ec]}u, 

applying Lemma 12,41 and Proposition 15,51 gives 

|[O e (C) fc ,-p(C)" 1 ]^K]^| HS <E5M((7)(|?P«| fl |» + .-i + |(P«| fl * 0+a |(C,6)|^»+^ 



e 

Similarly, we can prove by an induction argument that 



\\ P icr 1 [MO k -\m n ,R[^\ 



< v^M((j)(|«P«| h m+.-i + |?P«| H to+ a |(C,6)| j^2f+s+3 I , 

which together with Proposition 15,91 implies that Ilk a ls° satisfies (|5.38j) . In fact, the case of 
k = 1 comes from Remark 15.51 □ 

6. Large time existence for the linearized system 
6.1. The linearized system. We first reformulate the original system (|1.8|) as 
(6.1) d t U + CU + eA[U] = 

where 

U = ((^) T , A[U] = (A 1 [U],A 2 [U]) T , C=(\ -^ [0] 



and 



A x [U]^-±{G[eW-G[m, 



MU\ = d V />l on , Zs^Tm aV /) 



2' 2(1 + e 3|V-C| 2 ) " Vl + ^|V£C| 

Motivated by |17j . we shall use Nash-Moser iteration Theorem to prove the large time 
existence of solutions to (|6.ip . Toward this, a key step will be to study the linearized system 
of (16. ip . Indeed, we shall linearize the system (|6.ip around an admissible reference state in 
the following sense: 

Definition 6.1. Let T > 0. We say that U_ = (C,ip) T is an admissible reference state to 
(|6.ip on [0, j] if there exists ho > such that 



1 + e( — eb > ho uniformly on [0, — ] x 



d2 
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Given an admissible reference state U_ = (C,ift) T , one can calculate by Proposition 15.21 (see 
also [2], [21]) that the linearized operator of the system (|6.1h equals 

C = d t + C + eduA 

G[eC](.£)+eV£-(-v) ~G[e()- 
.eZG[eC](-Z) + (1 + e 2 ZV £ h ■ v) • -aeA ev-V £ h - ZG[e(] 



d t + 



where 



A = v fc - 



def ,_ : 

' ' (l + e 3| V ^| 2) i (1 + E 3| V ^| 2) 



1 , „, t ,„s3 

2 



This gives the linearized system of (16. ip as follows 

(6.2) CU = eG, U\ t=Q = U°. 

To solve (|6.2p . as in [TTJ, [21] we introduce a new variable V = (C, ip — £Z_() T such that the 
principal symbol of the transformed linearized operator is trigonalized. Indeed the system 
(|6.2p can be equivalently written as 

(6.3) MV = eH, V\ t=0 = V°, 
where 

\a — a£ — £ — ' * h 

and 

a = 1 + e(ey_ ■ V £ h Z + S^Z), H = (G 1 ,G 2 - eZGi). 

6.2. Large time existence. In this subsection, we shall prove the large time existence of 
smooth enough solution for the linearized system (|6.2p and establish the uniform estimates 
for thus obtained solutions on [0, j]. Toward this, we first introduce the following definition. 

Definition 6.2. Let s G M and T > 0. 

(1) We define the space X s as 

X sd ^[u = (C, 4>) T = C G H 2s+1 (R 2 ), V> G tf 2s+ 5(IR 2 )} 



endowed with the norm 

\h 2 e 



\U\ x .=y/i\$\ I &+i + Klfl* + V^IV^CI^ + ICIjt- + IWlfl?. + IWIh* 



And X|i = C([0, — ]; X s ) endowed with its canonical norm. 
(2) Let X s be determined by Definition \l.l[ The semi-normed space (Yj,, | • |k*) is defined 
as 

3=0 3=0 [°>§] 



(3) For any (G, U°) G Xf x X s , we denote 

X s (£, L°, G) d =V |^ s + £ T sup iG^Ol^dt'. 

Jo \0,t'] 
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Proposition 6.1. Let k G N, 2A; > m , T > and b G # 2fc+5 (R 2 ). Assume that f7 = 
(Ci ' i /') T £ IS a11 admissible reference state on [0, j] for some ho > 0. Then for any 
(G, U°) G X£ x X k , has a unique solution U G X$ such that for all t G [0, f ], 



|tf ^ ^ G ) + |A^|^X 5 (t, E/°, G)J , 

where C_ = C(T, j^,a,a -1 ,£, |6|^2fc+5, |C£|y m o). 

The proof of this proposition relies on the study of the trigonalized linearized system f)6.3[) , 
which we admit for the time being. 

Proposition 6.2. Under the assumptions in Proposition \6.1\ for any given (H, V°) G X k x 
X k , H6. °J\) has a unique solution V G Xj, such that for all t G [0, j], 

(6.4) |V(t)|^ <c(l k (t,V ,H) + \A 5 £ U\ 2 Yk T\t : V\H) 



T 



with C_ being the same as in Proposition lg.il 

Proof of Proposition [670 Recalling that U = (Vi, V 2 + eZVi) and H = (G 1 ,G 2 - eZd), 
it follows from Proposition 15.31 that 

\U(t)\ 2 xk <c(\V(t)\ 2 xk + \AlU\ 2 y S \V(t)\ 2 x*o + i 

<c(l k (t, V°, H) + \KlU\luT\t, V°, H) 

<c(l k (t, U°, G) + \A 5 E U\ 2 Y*Z 5 (t, U°, G) 

□ 

In what follows, we shall use the energy method to prove Proposition 16.21 Notice that 
S = ( °^ i Q[ e Q ^ is a symmetrizer of A4, so that a natural energy functional for the 



system ([6. 3ft is given by 

E s (V) 2 =\a s V, SA s V) = (A s yi, -aeAA s Vi) + (A S V 2 , ^G[e(]V 2 ). 

We shall see below that the estimate of E S (V) 2 will lead to deal with the following commu- 
tators 

([A s ,A]y l5 GK]A s ^) and ( [A s , G[e(\ V 2 , AA s Vi) . 

Since [A s , A] is a pseudo-differential operator of order s + 1 and [A s , (?[e£]] is a pseudo- 
differential operator of order s, the above two commutators are dominated by (for example) 
|Vi| s+ 3 IV2I s+ i , which can not dominated by the energy E S (V) due to 

E S (V) ~ \Vy\ H .+i + \V 2 \ uS+ i (essentially). 

That is, we'll lose one half derivative in the process of energy estimate if we choose to use 
this kind of symmetrizer. To overcome this difficulty, motivated by [21] we introduce a new 
energy functional £ k {V) defined by 

(6.5) £ k {Vf A =£f{V) 2 + £t(V) 2 
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with £ k (V) and £ k (V) given by 

£?{V) 2 d =(A k Vi, (1 - aeA)A k V 1 ) + (A k V 2 , ^G[e(]A k V 2 ) + e^A*" 1 ^, A*" 1 ^), 
4 fc (F) 2 d %(()V^i,p(l - aeA)pd e (Q k p- 1 V 1 ) + {d e (Q k V 2 , - £ G[eC]UQ k V 2 ) 

for f) e (C) given by (12. 7p and p = p(C) = (l + e 3 |V|C| 2 ) ^ . Let us also introduce 

(6.6) E k (V) 2d =Ef(V) 2 + El{Vf 



for 



We have the following relation between £ k (V) and E k (V): 
Lemma 6.1. Let £ k {V) and E k (V) be given by (|6.5p and (|6.6p respective/y. We have 
M(a)- 1 ^^) 2 < Sftyf + eMWWjto + |^ 2 |U)|C|^ +1 , 
4 fc (y) 2 < M(a)E k {Vf + eM(a)(\V 1 \ 2 Ht0 + \W2\U) ICl^+i, 

M(a)- 1 £;f(y) 2 < ^(y) 2 < M(a)£f (v) 2 . 

Proof. The first inequality can be deduced from Proposition 15.11 Lemma 12.31 and Lemma 12.41 
while the remaining ones are obvious. □ 



Now let us turn to the proof of Proposition [67 

Proof of Proposition 16.21 With the a priori estimate (|6.4p . it is classical to prove the 
existence part of the proposition. So we only present the detailed proof of (|6.4p for smooth 
enough solutions of (|6.3I) . 
Step 1. High order energy estimate. 

Recall that e (() is given by {27?]) and p = p(Q = (l + e 3 |V|C| 2 ) 5 - Let A > to be 

def 

determined later, and we denote G = G[e£]. Then applying a standard energy estimate to 



(|Op yields 

(it 



+ 



(o £ (C)VVi, [dt,p(l - aeA)p]%(Q k p- 1 V 1 ) 

(6 ' 7) +(f e (C) fc ^,[^^G]o £ (C) fc y 2 ) 

+ 2([d t MQ k )p~ 1 Vi,p(l - aeA)pD e {Q k p~ l V 1 ) 

+ 2{[d t MO k ]v 2 ,- £ Gp £ (C) k v 2 ) 

d = - e\£^{V) 2 + 2L*! + 2D 2 + D 3 . 



(6.8) 
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• The estimate of D\ 

Di =(MO k P' 1 dtV 1 ,p(l-aeA)pUg k P' 1 Vi) 

+ (UQHdtp-'WuPil - aeA)pD e (O k p- 1 V 1 ) d ^D\ + D 2 . 
Applying Lemma 12.31 gives 

\D\\ <c(|5 e (0^P _1 mi2|* e (C)V^ 

2k + l 2k+2 I • 

While thanks to (|6.3p . we write 

D\ ={D £ (0 k P'~ 1 ^Gy 2 ,p(l - aeA)pt> £ (C) k p- 1 V 1 ) 

- {d £ (Q k p- l eVl ■ (vV^pil - aeA) P MC) k p- 1 Vi) 
+ {d £ (Q k p- 1 eH 1 ,p(l-aeA)pd £ (Q k p- 1 V 1 ) 

^Df + DF + Dl 3 . 

Let 

(6-9) n,vf d =l(Vh • (X/) + X • Vlf), 

we write 

D{ 2 = - (o^V^V^Fa^Cl - aeA)pD £ (Q k p~ 1 V 1 ) 

- l^&p-^m • v)Vi,p(l - a^pt^OV 1 ^) 
= - e([B 6 (C)V 1 , Vy - aeA)p%(Q k p- 1 V 1 ) 

- ^(OWx, [p(l - asA)p,n,.]MO k p- 1 Vi) 

- -efc&p- 1 ^ ■ Y.)Vi,p(l - aA)p^ £ (C) k p- 1 V 1 ), 
which together with Lemma 12.31 Lemma 12.41 and Proposition 15.31 implies that 

\D\ 2 \ < eC(\V x \ 2 mk +e\V x \ 2 Hik+1 + |Fi|^ 0+1 |(C, Wl^+s) ■ 
And similarly, one has 

\D{ 3 \ <e£(|#i|^ +£|# 1 |^ |fe+a + \Vi\ 2 Hik + s\Vx\ 2 Hlk+1 + ({H^ + |Fi||t 0+1 )|C|^ +2 

Here we used the fact that \v\hi < C|(C,^PV')l^8+i- Consequently, we obatin 

(6.10) D x = D\ l + Ki 

with D\ l given by (|6.8p and 1Z\ satisfying 

\nx\ <sC(\H x \ 2 mk +e\H x \ 2 mk+1 + \V x \ 2 mk +e\V 1 \ 2 Hik+1 

+ (|Hi|^ + IHIWhOI(C,W, q 112 

• The estimate of Z?2 
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Again thanks to (|6.3p . we write 

D 2 = - MC) fc (« - aeA)V u -G? £ (() k V 2 ) - (MC) fc ev • V%V 2 , -Gp £ {Q k V 2 ) 
(6.11) £ £ 

+ (d £ (Q k eH 2 , -Gj} s {Q k V 2 ) A =Dl + D\ + D\. 

Applying Lemma 12.31 Lemma |2.4| Proposition 15.11 and Proposition 15.31 yields 

d\ = - s{ [MQ k , v • v|] v 2 , - £ Qp £ {C) k v 2 ) - six ■ vi(U0 k V2), - £ Qp £ {C) k v 2 ) 

2k+3 

And similarly one has 

■\3\ <~f~* t CYJ u |2 i lcv>T7" |2 i /Icytzt |2 i |CY>T/ |2 \ i /- 1 2 



which leads to 

(6.12) D 2 = D\+ll 2 , 

with D\ given by ([6. lip and 1Z 2 satisfying 

2 i I ryyT / 1 2 , /|cy>EJ |2 , l<Y?T/|2 <Y>„/.M2 



i^ 2 | <ec^^ 2 |^ |fc + m-iXk* + (i^ 2 i^o + itoiwokc, w)i^ + 3 

• The estimate of Di + L>2 

Thanks to (|6.8|) . we rewrite Dj 1 as 

D\ l ={d £ (C) k P - 1 - £ Gy 2 ,p 2 d £ (C) k p- 1 V 1 ) - {U0 k P~ l \GV2,aepApl) E {Q k p- l V l ) 

=(M0 k - £ Gv 2 M0 k Vi) + [Mg k p- l ~GV 2 ,p[pMQ k ]p~ 1 Vi) 

(6.13) + ([pMO^P^-^MO'Vx) -ae(UQ k p- 1 £ -GV 2 ,pV E (() k AVi) 

- aei^p-^GV^piApMO^P^Vi) 

= f 01 + © 2 + #3 + #4 + ©5- 

It follows from Lemma |2.3M2.4| Proposition 15.11 and Proposition 15.31 that 

|<5 2 | + |0s| <e£(l^i&|* + ITOI^* + + iTClk+OlCI^)- 

Since A(p-) can be written as 

A( P /) = -UQf + /u • v|/ + tijj 

for some smooth function Ha-, h' A depending on e^(, £2 V £ h (, £2 (V|) 2 C, this implies that 

[A P ,c) £ (c) fc ] = [hA-viMCf] + [/4,MC) fc ]- 

Therefore, one has 

| <&5 1 < eC^Vtll^ + \W2\l2u + (|V!|^ 0+1 + 
As a consequence, we obtain 



(6.14) D[ l = ©1 + 4 + ^; 



3 
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with &i, 04 given by (|6.13p and IZ3 satisfying 

|2 1 „|t/ |2 1 imi/ |2 1 (Ur\2 1 |£vyr/ |2 Ma|2 



l^al <eCMyi|^ k +£1^1^ + |q}F 2 |^ 2fe + civile + ITOIWOICI^, 



2fc+2 

On the other hand, let a = 1 + e6 with b = ey_ ■ V%Z_ + i9 t Z. Thanks to (jUTTD . we have 

^2 =- (0,(0^1,^(0"^) + (^(OW^pO^OV 1 ^) 

(6-15) - (9 e (C)^i, [^,f. £ (C) fe ]^ 2 ) - (MCMVi, - £ Qp £ (C) k V 2 ) 

+ (MQ k ^AVi, P [p- l ^G, d £ (Q k ] F 2 )= f iDi + £2 + 5j 3 + ^4 + %• 
Applying Lemma 12.31 and Proposition 15.61 gives 

l-Os I <\Mg k Vt\2\[~GMQ k ]V2\ 2 

<e£(N!« + ITOI^ + (ivillto + ITOlWi)ICfe* +a 

and Theorem 15.11 ensures that 

N ^^(O^^ii^l^'^o^o"]^!^ 

<eC(e\V x \ 2 mk+1 + \W2\ 2 H? + {\Vi\\ l0+ 2 + \W2\ 2 H t 0+ i)\(\ 2 H 2 k+ 4 
While it follows from Proposition 15.21 and Proposition 15.31 that 

\b\ Hi < ^c(\((M)\ m+ 2 + \{d t t,dm)\ Hi 

from which and Proposition 15. 1\ Lemma 12.31 and Lemma 12.41 we infer that 

N < eC\U0 k m)\m\We(0 k V2\2 

2fc+3 , 

Consequently, we obtain 

(6.16) 1^=531+532+^4 
with Sji, f)2 given by (|6.15p and IZ4 satisfying 

\Kt\ <sc(\v\ Hik + e\v 1 \ 2 Hlk+1 + \W2\ 2 H 2 h + (l^ll^to + iTOllto+l) 

x (|(c, w)|^ |fe+3 + K^c, W)|^ 2fc+3 ; 

Summing up (IBTTOl) . (I6T2D . (IfUlD and (l6TT6]l yields that 
\D X + D 2 | = |^i + 1Z 2 + ^3 + W4I 

< eCf|yi| H 2 k +e|Fi| 2 „ 2fc+ i + \W2\l2k + |^i|^ + e|#i|* aH -i 

+ m 2 \ 2 H , k + (l^ilk + ITOlWi + l(#i, WOl^o) 
x (|(c,W)|^ + 3 + |(^c,W)|^ 2fc+3 

The estimate of D3 
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The estimate of D 3 is much easier. For example, we get by applying Proposition 15.41 to 
the second term in D3 that 

\{MC) k V 2 , [d t ,- £ G}d £ (Q k V 2 )\ <eC\W e {Q k V 2 \l 



<eC(\W2\ 2 H 2H + ITOI^olCl^+a)- 



Following exactly the same line, we can obtain similar estimates for the other terms in D3. 
This gives 

(6.18) \D 3 \ <eC(\Vi\ H 2 k +e\V x \ 2 H , k+1 + \W2W2u + {\Vi\ 2 m) + |TO||*+i)|(C,3tC)&**3 
Plugging (|6.17p and (|6.18|) into (|6.7|) results in 

d [e—t^vrj < -eAZf, 
(6-19) + \H!\ 2 H2k +£^11^ + \¥H 2 \ 2 H2k + (|Vi|^ + \W2\ 2 H t 0+ i 



e £Xt Jt [e- EXt £ k h (V) 2 ) < -eXS^Vf + eC^V^+elVill^ + \W2\I2, 



+ |(ii 1 ,q}F 2 )|^ )(|(c, W)|^ 2fc+3 + 1(^,^1^,) 



Step 2. Lower order energy estimate. 
Similar to (16.71). we have 



e eXt j t (e- £Xt £f{V{t)) 2 ^ = -e\£f{V) 2 + 2{A k d t V 1 , (1 - aeA)A k V 1 ) 

+ 2(A k d t V 2 , -GA k V 2 ) + \(A k V u [8 t , 1 - aeM^Vi) 
(6.20) e L 

+ (A k V 2 , [d t , -G]A k V 2 )\ + 2e 2 (A k - 1 d t V 2 ,A k - 1 V 2 ) 

d = - s\£?{Vf + 2E 1 + 2E 2 + E 3 + 2E 4 . 
First of all, it is easy to show that 

(6-21) \Es\ < eC(e|V^i|^ + \W2\lk). 

• The estimate of E\ 

Thanks to (16, 3j) . we write 



Ex=- {A k eV £ h ■ (vFi), (1 - aeA)A k V 1 ) + (A k ^GV 2 , (1 - aeA)A k V l ) 

+ (A k eH 1 , (1 - aeA)A k V l ) A =E\ + + E\. 
It is easy to observe that 

\E\\ < eC(\H x \ 2 Hk +e|V^i|^ + +e|V|y 1 | 2 



\ H k T C| v^-iJlljjft T I f l|#fc T C| v ft v 1 Ijyfe 

Whereas similar to (|6.9p . we split further as 

E\ = - e([A k , V s hjY \Vi, (1 - aeA)A k V 1 ) - \e(A k V x , [l - aei.V^jAVi) 

- \e{A k {V £ h ■ v)Fi, (1 - aeAJA*^)^ 1 + #f 2 + E\\ 
Note from Remark 15.11 that 

\A 2 y\ H s<C{\A1^ 2 H s + \A^ 2 H s), 



42 M. MING, P. ZHANG, AND Z. ZHANG 

and 

[A fe ,V\ x ] = [A fc ,v].V^ + i[A fc ,V|-v], 
so it follows from Lemma2.4 that 

l^i 11 ! < eC(|[A fc ,vyv 1 | 2 + ei|V^[A fc ,VU^ 1 | 2 )(|Vi| f , fe +ei|V^14|^) 

< eC(\Vi\ H k + ea \V e h Vi\ H k + 1^1^0+1 

H k ) 

< eC(\Vx? Hk + e\Vm 2 Hk + iFil^o+idAfWl^ + |A 3 C|^)). 
Similarly, we have 

\Ef + E?\ <eC(|Fi|^ +e|V^|^ + |T4|^ 0+1 (|A £ 3 W|^ + |A 3 C|^ 
To handle £ 2 , we write 

E\ = (^-GA k V 2 , (1 - aeA)A k V 1 ) + ([A k , ^G]V 2 , (1 - ae^A^)^ 21 + Ef . 

As 

lA^H^-x = |(Af )i(A fc ) Vq3n| 2 < CflAf «p u | a + |A fe ^| 2 ), 
which along with Remark 15.31 ensures that 

\Ef\ <C(|[A fc ,iG]y 2 | 2 +^|^[A fc ,iG]F 2 | 2 )(|F 1 |^+e^|V|y 1 | Hfc ) 

<eC(|Vi|^ + e|V^i|^ + \W$b? + + |^ 2 |^ 0+2 |A 3 C| 

As a consequence, we obtain 

(6.22) Si = (-GA*V 2 , (1 - aeA)A k V l ) + *Hi 

with satisfying 

l*i| <eC(|yi|^ + e|V^i|^ + + ITOllr* + \Hi\ 2 Hh 

+ e\VlH 1 \ 2 Hk + (|TO|^t 0+a + \V x \ 2 Ht0+ ,)\K% y±)\ 2 Hh ). 

• The estimate of E 2 

Thanks to (j6.3|) . we write 



2 



E 2 = - (A k (a - aeA)V u ^GA fc y 2 ) - (A fc ev • V £ h V 2 , ^GA k V 2 ) 

+ {A k sH 2 , - £ GA k V 2 ) A M E l + E 2 + £ 2 3 . 
Applying Proposition 15.11 gives 

\El\ < eC\^H 2 \ Hk \W2\ 

While notice that 

E\ = - ((1 - aeA)A k V ll -GA k V 2 ) - ([A fc , 1 - aeA]V u -GA k V 2 ) 

- {A k ebV 1 , -GA k V 2 ) d ^Ef + Ef + Ef. 
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It follows from Lemma 12.41 Proposition 15.11 and an interpolation argument that 
\E\ 2 \ <C||D^|[A fc ,aeA]Vi| 2 |TO| Hfc 

<eC(\W2\ 2 Hk +e\V 1 \ 2 H , k+ ,+e\V e h V l \ 2 Hk + |Vi|^ + N^A 3 ^) . 
Similarly, one has 

l^ 2 13 | <eC(\W2\ 2 Hk +e\V £ h V l \ 2 Hk + 1^1^ 

2 n a2/a <y>.;.m2 , IA2/OA flm n|2 



Noting that 

E 2 = - e ( [A fc , v] • V|F 2 , iGA fc y 2 ) - e(v • V|A fc F 2 , ^GA fc V 2 ) , 
from which, Proposition 15.11 and Lemma 12.41 we infer that 

\E 2 2 \ < eC_(\W2\ 2 Hk + \W2? mk + \W2\ 2 H t 0+ i\Al((,y±)\ 2 Hk 
Therefore, we obtain 

(6.23) E 2 = -{^GA k V 2 , (1 - aeA)A k V 1 ) + 5K 2 

with 1Z 2 satisfying 

|2 , _|V7£T/|2 , „]rr |2 , |<y>tz |2 , Itvyr/ |2 l<Y>rr|2 



|£H 2 | <e£(jVi|^ +e|V^i|^ + + + |*pff 2 &* 

+ (lW|^„ +2 + |Vi|^ 0+3 )(|A e 3 (C,M|^ fe + |A 2 (d t c, 

• The estimate of E4 

Again thanks to (|6.3p . we write 

E 4 = - e 2 (A k - 1 {a-aeA)V 1 ,A k - 1 V 2 ) - £ 2 {A k - 1 ew ■ V%V 2 , A fc ~V 2 ) 

+ e 3 ( A fc ~ 1 2 , A fe ~ 1 F 2 ) + £ 2 + £ 3 . 
It is easy to observe that 

\E\\ < sC(\V!\ 2 Hk + +£ 2 |F 2 |^_ 1 + |^i|^ +1 (|A|(C, Wlki 

+ |A 2 (5 4 C,W)|^_ 1 

r*3 1 ^ ,-/■"* / .-2 1 tj 1 2 1 ^.2 1 t r 1 2 



And one gets by using integration by parts that 

E\ = -e 3 ([A k -\v] ■ VIV^A^V,) + ^e 3 ((V^ • v)A fc_1 V 2 , A fe_1 F 2 ) , 
which together with Lemma 12.41 implies that 

\E 2 \ < eC(f\V 2 \ 2 Hk -x +e 2 |F 2 |^ 0+1 |A 2 (C, Ml^.,). 
Then we arrive at 

(6.24) |£ 4 | <eC(|n|^ + |Fa|^ + e 2 ^ 2 ^ + (|^ 0+1 

+ e 2 |y 2 |^ 0+1 )(|A 2 (c, W)!^-! + |A|(a t c, d&£)\h 
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Plugging (IQll - dOil) into flOOj) results in 

e £Xt j t (e- £Xt £?{V{t)f) < -eX£ k (V) 2 + eC(\V 1 \ 2 Hk +e|Vi|^ +1 + e|V^ fc + |TC|^ 

+ +£ 2 |^2|^-i + l#il!r* + WH 2 \ 2 Hk +e|V|^i|^ 

(6-25) +e 2 |^ 2 |^-i + (IW, ^2)|^o +2 + |(Fi,i?i)|^ 0+3 ) 

x (\A% <$±)\ 2 Hk + \Kl{d t Q,dm)\ 2 Hk )). 

Step 3. Full energy estimates. 

Combining (|6.19p with (|6.25p , we get by applying Lemma 16.11 that 

e eXt j t (e~ eXt £ k {V{t)) 2 ^ < -e\E k (V) 2 + eCE k {V) 2 

+ eCE k (Hf + eCiEj^iV) 2 + E* +3 (H) 2 ) |A e 5 (C, V>)|^. 
Taking A = C in the above inequality and applying Lemma I6TT1 again yields 

E k (V(t)f < Cl k (t,V ,H) + C(Z t °(t,V ,H) + eE\%V (t)) 2 )^ 2 ^ 

(6.26) + ecj^ (Ej 0+3 (V) 2 + Ej 0+3 (H) 2 )dT\A 5 £ (C,f)\ 2 Y^ 

On the other hand, it follows from (|6.25p that 

Ef{V{t)f <Cl k (t,V ,H)+Ce f E k (V(r)) 2 dT 

Jo 

Ce [ (Ej a+3 (V) 2 + Ej 0+3 (Hf) dr \ A 5 £ ((,f) \ 
Jo 



+ 



l T 



After taking k = to + 3 in the above inequality and applying Gronwall's inequality, we plug 
the resulting inequality into (j6.26p (where k = 5) to yield that 

E 5 (V(t)) 2 <Cl 5 (t,V ,H), 

which together with (|6.26p implies that 

E k (V(t)) 2 < c{l k (t,V ,H) +l 5 (t,V ,H)\A 5 £ (C,±)\ 2 Ytk 
This completes the proof of Proposition 16.21 □ 

7. Large time existence for the nondimensionalized water-wave system 

The goal of this section is to use a modified Nash-Moser iteration theorem in the Appendix 
and the uniform estimates obtained for the linearized system (|6.2|) to solve the water-wave 
system (|1.8|) on [0, ^]. As noticed in Remar Ul.3| there is no need to prove Theorem ! 1.21 here . 

We start the proof of Theorem 11.11 with the following lemma: 

Lemma 7.1. For all U° G X s , we denote S e (t) the solution operator to the linear system 

d t v + \cv = o, 

V\t=o = U°. 

Then for all T > 0, S e (-)U° is well-defined in C([0,T];£ s ). Moreover, for all t G [0,7], there 
holds 

(7.2) \S e (t)U°\ X s < C(T, 1 \b\ H 2s +5 )\U°\ X s. 

h 



(7.1) 



LARGE TIME WELLPOSEDNESS OF CAPILLARY-GRAVITY WAVES 



45 



Proof. Indeed (|7.2p can be deduced from the proof of Proposition 16.21 in the particular case 
when U = (0,0). □ 

With V = S £ (t)U° thus defined, we shall seek for a solution U of (|1.8p under the form 
U = V + W , which is equivalent to solve the following system of W: 

dtW + \LW + F[t, W] = h, 
W\ t=0 = (0,0) T , 



(7.3) 



where T[t, W] = f A[V + W]- A[V] and h = f -A[V]. 

Lemma 7.2. Let T > and s > m,Q. Then we have 

1) The mapping C : X s+l — > X s is well-dehned and continuous, and the family of linear 
solution operators («S' e (t))o< £ <i is uniformly bounded in C([— T, T]; £(X S , X s )); 

2) For < j < 2, W G X S+2 (R 2 ) and (W x , ■ ■ ■ , Wj) G X s+2 (R 2 y, 

sup ^F^W^Wu--- ,Wj)\ X s <C(s,T,\W\ x ™ ) 
te[o,T] 



E 

k=l Ij^k k=l 



A%W k \ X ' l^lx*o+a + \A%W\ X . I] \ w k\x*o+i 



3) For < j < 2, W € X S (M 2 ) and (Wi, • • • , W^-) G X S (M 2 ^ , 

sup lA^JFft,^]^,--- , <C(a,T, |W|x™o) 

te[o,T] 

i j 
x ( l^felx^ n l^lx'o+i + \W\ X s l[ \W k \ x t , 

k=l l^k k=l 

This lemma is a direct consequence of Proposition 15.31 and Remark 15.11 
Proof of Theorem 11.11 With the above preparations, this proof is much similar to that 
of Theorem 5.1 in [2], so we only sketch its proof here. Indeed rescaling the system (|6.ip by 
using a new time variable t' = et, we only need to show that there exists a T > independent 
of e so that the following system has a unique solution on [0, T] : 

(7 ' 4) 1 U\ t=0 = U°. 

As shown above, the solution of (I7.4p can be equivalently decomposed into the sum of solution 
of ()7.ip and solution of (|7,3p . so the proof of this theorem relies on the well-posedness of the 
nonlinear system ()7.3p . Here we use the Nash-Moser theorem 18.11 to solve it. Lemma 17.21 
ensures the first two assumptions of Theorem 18. II in the Appendix, and the third assumption 
of Theorem 18.11 follows from Proposition [67TJ Then applying Theorem 18.11 completes the proof 
of the theorem. □ 



8. Appendix. A Nash-Moser iteration theorem 

In order to solve the full water-wave system (jl.8p , here we present a variant of Nash Moser 
iteration theorem in [3]. As far as one can see, we present energy estimates with both scaled 
Sobolev spaces and standard Sobolev spaces. One will find out easily that the Banach space 
X s in our paper doesn't satisfy the definition of a 'Banach scale' in [3], and that's the reason 
why a modified Nash-Moser based on [3] is needed in our paper. 
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(8.1) 



We shall focus on the well-posedness of the singular evolution equations of the form 

d t u e + l £ C £ (t)u £ + F £ [t,u £ ] = h £ , 



e 

U £ \t=0 =2*0, 



where e G (0,£o) is a small parameter, C e (t) is a linear operator, while F £ [t, ■] is a nonlinear 
mapping. First of all, we introduce a family of Banach scale (X s , \ ■ \x s ) s€K in the following 
sense: 

Definition 8.1. We say that a family of Banach spaces (X s , \ ■ \x s ) s&R are Banach scale if 

(1) For all s < s' , one has X s ' C X s and \ ■ \x 3 < | • \ x «' ! 

(2) There exits a family of smoothing operator Sg (9 > 1) satisfying S20S0 = Sg and 

Vs < s', |(1 - S e )u\x* < C s , s ,9 s - S '\u\ xs ,; 

(3) There exists a linear positive operator A such that for m > 0, 

\S A m u\x* < Ce m \u\x* and \h m u\ X s < C\u\ Xs+m ; 

(4) The norms satisfy a convexity property 

Vs < s" < s , \u\ xa " < C SiS ' jS "\u\ xa \u ] ^~jl', 

where /j, is determined by fis + (1 — /j,)s' = s" . 

Notations. If X\ and X2 be two Banach spaces, we denote by £(X±,X2) the set of all 
continuous mappings from X\ to X2; If X is a Banach space and T > 0, X? stands for 
C([0, T];X) with the norm | ■ \ Xt ; For F G C([0, T];C j (X 1 ,X 2 )), we denote by d{F the j-th 
order derivatives of the mapping u 1— > F[-,u]. 

Assumption 8.1. There exist T > 0, so G R and m > such that 

(1) For all s > s , one has (£ e (-))o< e < eo is bounded in C([0,T]; 2,(X s+m , X s )); 

(2) For all g G X s , the evolution operator (U £ (■))o< £ <£ defined by 

U £ (t)g d =u £ (t), where d t u £ + -£ £ (t)u £ = 0, u £ | 4=0 = g 

e 

is bounded in C([—T, T]; £(X S , X s )) for s > s . 

Assumption 8.2. There exist T > 0, so G R and m > such that for all s > sq and 

< j < 2, one has F £ G C([0, T]; C 2 (X s+m , A 5 )) and for all u,v 1 ,...,v j G X s+m , 

sup\diF[t,u](vi,...,Vj)\ Xs < C(s,T,\u\ X s 0+m ) 

[0,T] 



3 

k=l l+k k=l 



( \ 

^^iA m v fc | Xs ni t, 'i^o +m + i Am ^u s n \ v k\x^+™)- 



Moreover for all u, vi, ...,vj G X s D X S{)+rn , 



suplA m d? u T\t,u]{v 1 , ...,Vj)\ xs < C(s,T,\u\ X s 0+m ) 

[0,T] 

( j j ^ 

fc=l z^fc fc=l 
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In order to state the third assumption, we need to introduce some functional spaces as 
follows 

^ f ni =0 C J ([0,T];X s ), \u\ E s m d ^\u\ x ^ + \A- m d t u\ x ^ 
F^C([0,T];X s )xX s+m , \(f,g)\ F ^=\f\x t + \g\x^, 
y m (t,f,gf=\g\ xs+m + [ sup \f{t")\ X sdt'. 

Jo 0<t"<t' 

Assumption 8.3. There exists d\ > such that for all s > sq + m, u £ G E^ dl , and 
(f £ ,g £ ) Gi^, the IVP 

d t v £ + - £ C e {t)v £ + d u F £ [t,u £ ]v £ = f £ , v £ \ t=0 = g £ 
admits a unique solution v £ G C([0,T]; X s ) for all e G (0,£o) and 

\v £ \ 2 X s <C(e ,s,T,\n £ \ E s 0+m+dl )hUtJ £ ,gn + \^ dl ^\h ^ +m (tJ £ ,g £ )). 
In what follows, we shall always denote 

D\==d\ + m, q==D — m, and 

p m in A =D 1 + - (yrn + V2(Di + 9)) 2 • 

Then Nash-Moser iteration theorem is stated as follows. 

Theorem 8.1. Let T > 0, sq, m, d\ be such that Assumptions 8.1-8.3 are satisfied. Let 
D > D\, P > P m in, s > SQ + m, and let (h £ ,Uq)q <£<£0 be bounded in F^~ p . Then there exist 
< T 1 < T such that ( 18. J)) has a unique family of solutions {u £ }o<e<eo which are uniformly 
bounded in C([0,T'];X s+D ). 

The proof of Theorem 18.11 essentially follows the framework of |3J, and we omit the detailed 
proof here. 
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